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FOREWORD 
In general, interdisciplinary research between agricultural 
economists and animal scientists is potentially more beneficial to the 
modern beef producer than research conducted by either discipline inde­
pendents 5 of the other. After all, the boundaries of a discipline are 
largely academic, and the complexity of modern beef production causes 
the producer to cross these boundaries daily. 
It should be remembered, however, that interdisciplinary research 
requires concessions from each discipline not otherwise found. Theories 
and concepts which are often in conflict must be integrated into a single 
analysis. To accomplish this, each researcher and each discipline must 
enter the undertaking with a spirit of cooperation and an open mind. 
This paper repreaer.ts the findings of just such a cooperative 
undertaking. Theories and concepts from animal science and agricultural 
economics are combined with statistics to analyze a single beef produc­
tion problem. 
The analysis is developed without directly violating basic concepts 
from either discipline, but certain liberties are required. Specifically, 
concepts which may be highly important to one discipline are touched only 
briefly, or not at all. Other concepts are presented in what must seem 
to be excessive detail. It is essential that this be done for each dis­
cipline to receive the greatest benefit from the analysis. After all, 
what may seem excessive detail to an economist only makes a concept 
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understandable to an animal scientist. And, what may seem to represent 
neglect or oversimplification of an important concept only avoids a 
source of possible confusion when this concept has no clear interpreta­
tion in the language of the other discipline. It is in this manner 
that concessions are made in this paper, and it should be read with this 
in mind. 
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CHAPTER I. INTRODUCTION 
In no other country of the world has grain feeding of beef been 
developed to the degree that it has in the United States. Large numbers 
of animals are intensively fed annually, and beef has become the primary 
source of protein in American diets. 
The development of the beef feeding industry over the last quarter 
century has not been without its problems, but recently there appears 
to be a growing concensus that the next 25 years may be far worse. 
Drastic price increases for all agricultural commodities following 1973 
brought on fears that cattle feeding as it exists might not survive, 
and that beef might become a luxury item. Of course, these fears are 
probably greatly exaggerated. But, since 1973, the American cattle 
feeder, and agriculture in general, has had to reevaluate its development 
over the past quarter century and to try to prepare for what the next 
quarter century, or even, the next year, may hold. 
Development of the American Cattle 
Feeding Industry 
Historical development pressures 
During the past quarter century, American agriculture has been 
subjected to enormous development pressures. Following World War II, 
the adoption of technological advances which generally improved the 
marginal productivity of capital relative to labor, caused great numbers 
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of people to seek the higher returns to labor of nonagricultural 
employment. 
This outmigration from agricultural employment resulted in an 
estimated net reduction in the farm population of about 13.78 million 
people, or almost 60 percent, between 1950 and 1974 [58, 59]. Associated 
with this population reduction was a reduction in the number of farms 
by almost 50 percent, from 5.65 million to 2.83 million [57]. As the 
nonagricultural population grew, either due to this migration from agri­
culture ct due to natural growth, it tended to become concentrated at 
certain locations, thus developing regionally-oriented markets. For 
some agricultural commodities these regional markets caused shifts in 
the comparative advantage in production from one area of the nation to 
another, and agriculture shifted accordingly. 
Additionally, the new capital, especially that embodied in machinery, 
generally exhibited a degree of specialization and some economies of 
size. This aspect of development induced producers remaining in agri­
culture to not only shift their production, but to enlarge the size of 
their operations as well. These larger operations tended to become 
highly specialized, thus more fully utilizing the new capital, and agri­
culture in general began to segregate by commodity into highly specialized 
subindustries. 
Finally, agriculture's development during this period was generally 
categorized by excess supplies of most agricultural commodities. Al­
though the principal components of food demand in the United States, 
population and per capita disposable income, grew at the rate of 1.5 
3 
percent and over 6 percent per year, respectively [57], agricultural 
production grew at a rate of about 2 percent per year [58, 60j. 
Under these conditions, supply continued to outstrip demand, 
producing commodity surpluses, low farm prices, and low farm incomes. 
Despite federal programs designed to reduce these surpluses and Improve 
farm income, prices remained relatively low and the portion of a con­
sumer's income going to buy food declined from over 28 percent in 1950 
to about 21 percent by 1970 [57]. Additionally, the federal programs 
resulted in the accumulation of billions of dollars in agricultural com­
modity inventories and the removal of as much as 64.7 million acres 
from production [59]. 
Then, in 1972, a sharp reversal in the relatively low price trend 
of agricultural commodities occurred. Worldwide shortfalls in crop pro­
duction, including a reduced Peruvian anchovy harvest, led to quantum 
increases in the demand for American agricultural exports. In response 
to this increased demand inventories were drawn down, in one instance by 
the wheat sale to Russia in 1972, and for the first time in many years, 
an excess supply of agricultural commodities was no longer the dominant 
situation. When coupled with higher production costs, due in part to 
higher energy costs, the American consumer suddenly faced sharply rising 
food costs. In fact, while the consumer price index for food had grown 
at only about 2 percent per year between 1950 and 1970, between 1972 
and 1973 the consumer price index for food increased 14.5 percent, with 
approximately the same increase the following year [57]. 
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To some degree, every agricultural commodity was affected by both 
the development pressures and the drastic price increases. American 
beef production was no exception. In fact, the production of meat by 
feeding grain to beef animals was, at least partly, due to the relatively 
low prices and excess supplies of these crops that existed during the 
development of the cattle feeding industry. In no other country of the 
world did the feeding of grain to beef animals become as prevalent as 
in the United States. 
The development of cattle feeding (as an industry) in the United 
States has followed a dual trend. Feedlots have tended to become larger 
and there has been a general tendency for the location of production to 
shift toward the Southern Plains and Southwest regions of the nation. 
The regional relocation of cattle feeding was, of course, partially due 
to the regional markets previously mentioned. Additionally, advances 
in irrigation and the development of sorghum hybrids adapted to these 
regions, both a form of capital, increased feed grain supplies in these 
areas. This shift in production is obvious from a comparison of the 
number ot cattle ted in iowa and Texas. Becveen 1950 and 1974, caLLle 
on feed in Iowa increased by just over 6S percent, fro-a 1.02 zillion to 
1.715 million head, but during the same period, Texas had an. increase 
of 1,269.6 percent, from .161 million to 2.205 million head [58, 59j. 
Similarly, at least a portion of the increase in feedlot size can 
be credited to technological advances producing new. improved capital 
inputs. As the demand for beef increased, an increased portion of the 
American cattle population found its into feedlots and high grain 
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diets. In response to increases in the amount of grain being fed, 
mechanized feed handling, mixing and distributing systems were developed, 
allowing grain diets to be prepared and fed quickly and efficiently [19]. 
These mechanized feed systems, as well as other technological advances 
and aspects of the transportation and marketing systems, exhibited 
economies of scale which encouraged the development of larger, more 
specialized feeding operations. 
In the 10-year period from 1962 to 1971, for example, the number 
of feediots of over 8,000 head capacity increased by over 183 percent, 
and the number with over 1,000 head capacity Increased by almost 50 per­
cent; while the number with under 1,000 head capacity declined by 28.6 
percent [49]. In terms of cattle marketed, this meant that the over 
8,000 head capacity feediots had increased their share of the market 
from 17.2 percent to 39.0 percent at the expense of the under 1,000 
head capacity feediots, which declined from 63.5 percent to 41.5 percent 
[49]. Because the majority, about 72 percent, of these small feediots 
were located in the Com Belt and Great Lakes states, and the majority 
of large feediots developed in the Southern Plains and Southwest, about 
74 percent [49j, it is easy to see the development of the dual trend 
previously mentioned. 
When agricultural prices in general began to rapidly increase 
following 1972, the beef feeding industry was subjected to a series of 
dram&tic shocks. Because 70 to 80 percent of the cost of feeding a steer 
is due to the cost of feed consumed, an immediate effect of the rising 
grain prices was an increase in the cost of producing beef. It has been 
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estimated, for example, that feed costs per animal for a typical Iowa 
feeder increased from just under $100 in late 1972 to over $245 by late 
1974 [5], an increase of almost 150 percent in two years. Obviously, 
the potential impact of such drastic price increases alone is serious 
enough, but price ceilings being placed on carcass beef on March 29, 
1973, multiplied the effect. Producers were suddenly limited in the 
amount of increased grain costs which could be reflected in the price 
of their output. This forced many feeders with cattle on feed to 
directly absorb the higher feed costs, thus forcing many feedlots into 
bankruptcy. Other feedlots substantially increased their sales of beef 
for export in order to receive the higher, uncontrolled, international 
price. As a result, the beef reaching American consumers declined. 
Although the price freeze was lifted after only six months, on September 
12, 1973, it is possible that, because of cow number reductions and 
feedlot closings, its impact on the American beef industry may be 
felt until as late as 1980. 
While all agricultural prices tended to increase dramatically 
during the 1972.-74 period, they did not increase proportionally for all 
commodities. As previously noted, beef prices tended to Increase pro­
portionally less than feed grain prices due to the March 29 pries freeze 
on beef. Likewise, not all feed prices increased proportionally. Feed 
grains, such as corn and sorghum, tended to increase proportionally more 
than roughages such as silages and hay. For instance, in 1972 the U.S. 
average corn grain price was $1.29 per bushel [6I]. In 1974, this price 
had increased 128.68 percent, to an average price of $2.95 per bushel 
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[63], with a high monthly average of $3.60 per bushel in October, 1974 
[63]. Over the same time, the price of hay increased by only 61.15 
percent, or less than half as much as corn. This change in relative 
prices, making hay lower in price relative to corn, should encourage 
a shift from grain concentrate rations, such as corn, to higher rough­
age, such as hay. However, the specialization of the beef feeding 
industry, caused in part by the new capital, would permit only limited 
substitution in the short run, and producers were generally left with 
no real alternative to high-priced grain rations. 
Potential future development pressures 
The shocks of rising food costs in developed countries were 
confounded by widespread famine and starvation in some less-developed 
countries of the world, such as Bangladesh and India. Many people, both 
domestically and abroad, began to question the world's ability to feed 
itself. The question had, of course, been raised previously [38, 26] 
but never before, it seemed, had it become so popular. 
In examining the world food situation many became especially 
critical of the American cattle feeding industry. Obviously, more energy 
per acre for human consumption could be obtained by feeding grain 
directly to humans rather than to beef animals firwt and then feeding 
the beef to humans. For instance, in a study by Heady, Faber, and 
Sonkâ [2S], it was escizsced that cutting beef grain consumption by 25 
percent would increase American grain exports by 85 percent. This study 
also indicated that a 25 percent reduction in beef consumption, along with 
the roughage substitution, would increase these exports by 140 percent. 
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To accentuate this criticism. The World Food"Conference of 1976 
[66] made recommendations calling for legal limits on meat consumption 
or on the consumption of grain by meat animals. Proponents of this policy 
argue that enormous amounts of food grains would thus be released to 
feed the starving masses of the world. While this is probably true, 
the fact remains that before this would really occur, the food demands 
of poor people must somehow be translated into effective demands, either 
by increased income for these less-developed countries or by federally 
subsidized programs such as F.L. 480. 
Opponents of beef limitation legislation argue that without 
effective demands for grain by less-developed countries, world grain 
prices would fall below production costs, causing grain production and 
availability to be reduced. Furthermore, a federally-subsidized grain 
sale program would mean substantially higher taxes and lower real in­
comes for Americans, which if nothing else, would be political suicide. 
The alternative, therefore, is increased income for less-developed 
countries to make their food demands effective. If this occurred, 
however, the value of grain in human consumption would rise relative 
to its value in beef production. This would cause mere humsn food grain 
sales and less reed grain use in producing be-=f witheut the necessity 
of legislative limits. In other ?ords, beef limitation is an unnecessary, 
and quite possibly detrimental, solicy to be implemented. 
î'Jhethsr such a policy is ever adopted or not, is not the real 
point. The point is that rising incomes in less-developed countries 
or legal limits on grain consumption by beef animals would both have 
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the effect of reducing grain availability and increasing feed costs to 
cattle feeders. This has been clearly demonstrated by the high grain 
prices of 1972 to 1974, and if the cattle feeder is to survive under 
these conditions, production processes must be adjusted accordingly. 
He must be able to evaluate and utilize not only grains, but also rought-
ages which cannot be effectively used for human consumption [2, 4J. 
Evaluating Feeds in Cattle Feeding Rations 
Existing evaluation systems 
Because the weight gains of finishing beef steers are due in large 
part to the energy level of the ration, numerous systems have been pro­
posed to measure a feedstuff's, and thus a ration's, energy. As early 
as 1910, the first of what might be called modem energy systems was 
dcvalopad in Vermont [l5]. This system measures energy as the sum of 
the digestible portions of fiber, nitrogen-free extract, ether extract, 
and protein in a feed when each is weighted by its caloric value. The 
resulting sum is referred to as the total digestible nutrients (TON) 
of the feed, and served as the mainstay of ration formulation for halt 
a century [l5j. 
By the late i950s, nutritionists were showing a growing interest 
in developing a new energy system. Evidence showed that TDE over­
valued the energy of roughages relative to concentrates, especially for 
poor quality roughages [ll]. Their efforts to correct this resulted 
in two new basic measures of energy--metabolizable energy (ME) and net 
energy (NE) [ll]. 
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The ME system is predicated on the fact that TDN over-values poor 
quality roughages because it fails to account for energy losses in the 
production of gaseous products due to fermentation of feeds in the rumen. 
Because the digestive physiology of ruminants such as beef animals 
centers on an anaerobic metabolism (fermentation) of feed conçonents, 
especially fiber, by bacteria in the rumen area of the stomach [lo], 
there can be large differential production of these gaseous products. 
Obviously, in a digestive system such as this, feeds high in fiber 
such as roughages, would have a greater gas production, and thus, greater 
energy loss. Additionally, the ME system attempts to account for energy 
losses in the urine representing both body heat energy and certain non-
oxidized nutrients of the feed [ll]. Hence, as the name implies, the 
ME system measures feeds in terms of the energy actually metabolized 
from a feedstuff. 
NE is quite similar to ME, except NE also accounts for energy 
losses due to heat increment (HI) [ll]. Heat increment is the heat 
associated with digestion, or the increase in heat production following 
eating. The relationship between these various measures of energy and 
the digestive system in reedlot steers is clearly illustrated by the 
flowchart in Figure 1. 
While ME and NE should each more accurately describe the energy 
value of a feedstuff in a ration, neither was widely adopted by pro­
ducers. A part of this reluctance can be charged to the fs::t that just 
as TDN over-valued roughages, NE was seen to undêrvalue them relative 
Co concentrates [llj. Then, in 1968, a variation of the Î>E system. 
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often called the California NE system, was developed [ll]. This system 
calls for the partitioning of NE into two categories; NE for maintenance 
(NE^ ) and NE for production (NE^ ). Under this system maintenance would 
include basal metabolism, motion and body heating and cooling, while 
production for the feedlot steer includes growth and fattening, or weight 
gain. 
GROSS ENERGY OF FEED 
Fecal Energy 
DIGESTIBLE ENERGY (TDN) 
aseous products of digestion 
(CH^  and COg) 
-Urinary energy 
METABOLIZABLE ENERGY (ME) 
Heat increment 
1 
NET Energy (ne) 
Figure 1. Flowchart of feed energy utilization and loss by beef steers 
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It was thought that this new variation of the NE system eliminated 
the roughage value problems and represented a great improvement over 
either the TDN or ME systems. After all, one could now measure exactly 
how much of a feed was required to maintain an animal, and how much was 
available for use in production. With this in mind, the National Research 
Council (NRC) adopted the NE system in 1970 [45]. 
One immediate problem associated with the NE system adopted is the 
determination of the values for all feedstuffs. While TDN values had 
been widely determined, and ME values could accurately be estimated from 
TDN, values for NE^  and NE^  required expensive metabolism studies for 
each feedstuff [ll] . To circumvent this problem, a series of formulas 
derived at the same time as the NE and NE system were adopted to esti-
m g 
mate the necessary values. These formulas, which were derived from data 
on rations containing 40 to 60 percent grain, may be written as 
Log F = 2.2577 - .2213ME (1.1a) 
NE = 77/F (1.1b) 
m 
NE^  = 2.54 - .0314? (1.1c) 
where: 
ME = metabolizable energy in Mcal/kg of dry matter; 
F = grams of dry matter per unit of (Weight) 
NE = net energy for maintenance in Mcal/kg of dry matter; and 
m 
NE^  = net energy for production in Mcal/kg of dry matter |.45j. 
Given these NE values for feeds, the requirement of a feedlot steer could 
be expressed in the same terms by the formulas 
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NE = .077W^  ^ (1.2a) 
m 
NEg = (.05272g + .00684g^ )W'^  ^ (1.2b) 
where; 
W = weight of the animal in kg; 
g = gain of the animal per day in kg; 
NE = daily energy requirement for maintenance; and 
m 
NEg = daily energy requirement for gain (production) in Meal/kg. 
Since the adoption of this system, it has been widely accepted and 
is continued in its original form in the latest NRG recommendations [46J. 
Shortcomings of current evaluation systems 
While the NE system has a great potential to aid producers in 
evaluating feedstuffs, it is not without its problems. Besides not ac­
counting for environmental or genetic effects [44], the NE system does 
not recognize any potential interactions between feeds, other than those 
inherent in a 40 to 60 percent grain ration, as indicated in equations 
1.1a through 1.1c. Because almost any balanced ration, or one which sup­
plies the cf all require^  ""rrrents. is comprised of several 
different feedstuffs, failure to recognize this potential interaction 
can seriously bias the results. 
Cole, Johnson and Owens [l4l found that the digestibility of a 
ration with a corn grain base was 9 percent better for a 0 roughage diet 
than El 21 percent roughage diet, when the roughage was cottonseed hulls. 
Additionally, they found that the increased roughage reduced starch di­
gestion in the rumen indicating a shift in the site of digestion depending 
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on roughage proportions, especially with very poor quality roughages 
such as cottonseed hulls. Similarly, Vance, Preston, Cahill, and 
Klooterman [65] found that the NE values of a ration, especially NE^ , 
might vary with the proportions of com grain and corn silage in the 
ration. Although Preston [5l], using in part the same data as Vance, 
did not find a significant interaction, he did find NE^  values 
for corn silage 12 percent higher than NRC [46] values. 
Byers, Matsushima and Johnson [?] carried the controversy further 
by performing costly metabolism trials with varying proportions of corn 
grain and corn silage. They also found higher NE^  values for corn silage 
than NRC by about 25 percent, and higher NE^  values by about 8 percent. 
Additionally, they found significant interactions for rations contain­
ing a mixture of corn grain and corn silage. They proposed that the 
true values of NE and NE for a ration were a linear function of the 
g m 
percent of corn grain in the ration [6], and estimated relationships 
accordingly, with fairly good results. 
All of these experiments make one thing perfectly clear; nothing 
is clear. There has been and proGsDly will continue to be a grsat deal 
of controversy surrounding the feed values of roughages and concentrates 
and their interaction in a diet. Metabolism trials [?] are costly to 
perform and must be limited to few animals. Measurements of îTS values 
are also difficult and costly to obtain. Even if there is no interac­
tion between feed^ tuffsj the single values of NE^  and NE^  still appear 
to differ by area and by type of cattle. If there is interaction, it 
is essential that the nature of the interaction be known. 
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Summary 
While the American cattle feeding industry has historically been 
characterized by the feeding of high concentrate rations, dramatic price 
increases for these grains since 1972 may have signaled the dawning of 
a new era in feeding. The prices of feed grains have increased substan­
tially relative to roughages and indications are that increased competi­
tion for grain from human consumption demands may exert both political 
and economic pressures to reduce livestock grain consumption. If such 
is the case, and grain prices remain high relative to roughage prices, 
or possibly rise, the survival of the cattle feeding industry and thus 
the supply of beef available to the American consumer may depend on the 
industry's ability to shift to a roughage feeding process. To accomplish 
this the producer must know the ability of an animal to utilize all man­
ner of feeds, including roughages. He must know exactly how roughages 
substitute for concentrates, such as grain, in the diet. And, he must 
be able to determine the optimal proportions of roughage and concentrate 
to be included under any relative prices and conditions. 
The systems a cattle feeder has available to evaluate various feeds 
are, admittedly, quite superior to the original TDN system, but they 
were not designed for the drastic ration changes which may be indicated 
by the relatively high grain prices. The California NE system, which is 
the most widely used of the new evaluation systems makes no provision 
for environmental effects on an animal's feed requirements, or for dif­
ferential feed utilization ability by breed or genetic background. Also, 
the NE system is designed for narrow ranges of roughage to concentrate 
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ratios and makes no allowance for interactions between feeds if the ratio 
Is outside the range. All of these aspects severely limit the useful­
ness of this system as well as the ME and TDN systems In evaluating feeds 
over the spectrum of 0 to 100 percent roughage (concentrate) rations. 
This study, therefore, develops a methodology by which feedstuff 
values, interactions, and substitutabillty can be estimated locally, 
without costly metabolism trials. The economic implications of these 
relationships for a roughage (corn silage) and a corn grain-based con­
centrate are explored in detail. In this manner, the importance of such 
relationships to various individual cattle feeders, as characterized 
by different objectives and when faced by different relative prices, 
can be seen in economic terms of dollars and cents. 
Just as the long-run survival of each individual feedlot will 
depend on its objectives, its comparative advantage in production, and 
its ability to adapt its rations to these various relative prices, so 
will the further development and future structure of the industry depend 
the relative survival rates of these various individuals. Hence, this 
study attempts to explore not only the economics of roughage and concen­
trate proportions for the individual cattle feeder, but its implications 
for the entire industry. 
17 
CHAPTER II. THE EXPERIMENT AND 
METHODS OF ANALYSIS 
'I'W T^o c ^  
The primary data used in. this analysis were the result of an 
experiment conducted over a six-month span in 1975 and 1976 at the 
Western Iowa Experimental Farm, Castana, Iowa. The experiment was de­
signed and conducted jointly by animal scientists and economists with 
three basic objectives, which may be summarized as follows: 
1. Determination of live weight gains of beef animals as 
influenced by various portions of silage in a ration; 
2. Determination of the time on feed requirements for beef 
animals when fed various portions of silage in a ration; and 
3. Determination of the effects of various portions of silage in 
a ration on certain carcass traits in beef animals, including 
carcass weight change, quality of product, and percentage of 
Before an experiment could be designed to achieve these objectives 
it was necessary to define the physical constraints in existence. For 
example, feedlot facilities at Castana included 12 pens as shown in 
Figure 2. Allowing a minimum of 76.5 centimeters of bunk space and 
45.75 square meters of feedlot space per animai [39j an immediate con­
straint of 8 animals per pen, for a total of 96 animals, was reached. 
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Additionally, the placement of feed bunks in internal fence lines 
precluded feeding from outside of the pens. Feed had to be transported 
through the pens and placed in hopper/auger assemblies running above 
each pair of bunks. While the auger assembly improved mixing of the 
ration, filling the hopper manually added to the time already lost in 
entering the pens to feed. To keep this labor requirement within the 
limits of the labor available, it was, therefore, necessary for rations 
to vary continuously across pens from those receiving the least silage 
to those receiving the most. 
With physical constraints thus defined, it was possible to proceed 
with the experimental design by defining the experimental units. Be­
cause there were no facilities to measure an individual animal's feed 
consumption, the experimental unit was defined as a pen of 8 animals. 
This indicated that treatments, such as portions of silage in the ration, 
were applied to a pen, not to an individual animal. 
Obviously, with 12 experimental units, there were a maximum of 12 
treatments possible. A minimum of six treatments was also indicated be­
cause a creacment, in Luis case a ration, was cc^ c^ccd of tvo basic 
components, silage and nonsilage. To obtain a nonlinear response, at 
least five degrees of freedom, or six treatments, were needed to esti­
mate linear, quadratic, and interaction tenzs for each basic component 
of the ration. 
Under these conditions it was decided that each pen would receive 
one of six rations, as distinguished by the approximate percentage of 
silage in the ration. In addition, each ration was fed at one of two 
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intake levels, where one level was ad-lib consumption, while the other 
was a restricted intake diet. 
To compute balanced rations, or those ^ ich supply an accepted 
minimum of required nutrients, the nutrient contribution of the prin-
The nonsilage portion of each ration was then simply defined as concen­
trate, comprised of com grain and alfalfa pellets in a fixed ratio of 
approximately 2:1 by weight. In this manner, both silage and concentrate 
were mixed to a constaat 13 percent protein, so that protein differences 
would not significantly influence animal performance. 
Six rations were defined in which the percentage of energy in the 
ration due to silage varied from 0 to 100 percent in 20 percent incre­
ments as shown in Table 2. The same rations, on a dry matter basis (DM), 
are shown in Table 3, but for simplicity the rations are referred to 
simply as 0, ,2, .4, .6, .8, and 1.0 rather than the slightly higher 
percentages on a weight basis shown in Table 3. 
When the rations were compared to the established minimums, shown 
in Table 4, deficiencies in several nonenergy nutrients were noted. To 
correct these deficiencies, a supplement was formulated as follows: 
cipal ingredients were determined from NRC [46] as shown in Table 1. 
Ingredient Percent 
44% Soybean Oil Meal (ref. 5-04-604) 
Dicalciua Phosphate (ref. 6-01-080) 
93.0 
4.5 
2.5 
(with 15,000 lU of Vitamin A) 
Table 1. Nutrient yield of fi;ed ingredients included in ration formulation* 
Dry Matter Yield of Nutrients 
Percent Percent ME NE^  NEg Percent Percent 
Dry Matter Protein (Mcal/kg) (Mcal/kg) (Mcal/kg) Ca^  pc 
Ingredient 
(NRC ref. number) 
Alfalfa Pellets 93.0 19.2 2.24 1.31 .69 1.43 .26 
(1-00-023) 
Corn Silage 40.0 8.1 2.53 1.56 .99 .27 .20 
(3-08-153) 
Corn Grain 89.0 10.0 3.29 2,28 1.48 ,02 ,35 
(4-02-931) 
Soybean Oil Meal 89,0 51.5 2.93 1.93 1.29 .36 .75 
(5-04-604) 
Dicalclum Phosphate 96.0 — — — — 22.20 17.90 
(6-01-080) 
^SOURCE: [45]. 
^Calcium. 
Phosphorus. 
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Table 2. Relative contribution of major ingredients to the various 
rations on a metabolizable energy basis^ '^  
1.0 
Ration 
. 8  . 6  . 2  0 . 0  
ingredient 
Corn Silage 1.0 .800 .600 .400 .200 
Com Grain 
Alfalfa 
Pellets 
,148 
.052 
.295 
.105 
.442 
.158 
.590 .738 
.210 .262 
Rations do not include supplement fed at about.8 kg per animal 
per day. 
R^elative portions may not sum to 1.0 due to rounding. 
Table 3. Relative contribution of major ingredients to the various 
rations on a dry matter basis^ »^  
Ration 
1.0 . 8  . 6  .4 . 2  0 . 0  
Ingredient 
Com Silage 1 . 0  .822 .635 .437 .226 
Com Grain 
Alfalfa 
117 .240 .370 .508 .656 
Rations do not include supplement fed at about.8 kg per animal 
per day. 
Relative portions may not sum to 1.0 due to rounding. 
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Table 4. Nutrient requirements for finishing yearling steers^  
Steer Dry Percent ME Percent Percent 
Weight Matter Protein (Mcal/kg) Ca^  p(: 
kg (kg/day) 
300 8.3 11.1 2.61 .35 .25 
400 10.3 11.1 2.61 .27 .22 
500 11.5 11.1 2.61 .23 .22 
S^OURCE: [45]. 
^Calcium. 
P^hosphorus. 
Approximately .8 kg of supplement per animai per day was fed to 
correct the noted shortages. And, because all treatments received a 
constant amount of supplement and the contribution of the supplement 
to overall consumption was small, the supplement had a constant, small 
effect and could be disregarded in the analyses. 
As previously noted, each pen received one of these six rations 
nc one of two levels or intake, where level one vas an ad-lib feeding. 
Intake level two was designed so all animals receiving this intake level 
received the same energy in megacalories of metabolizable energy (ME). 
The restricted intake level was determined by estimating the gross ME 
consumption of the pen receiving all silage, ad-lib, and then adjusting 
the weight of other rations to arrive at the same energy intake. For 
example, an animal that received 10 kg dry matter of the all-silage ra­
tion received 25.3 Meal of ME. To achieve the same energy intake of 
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25.3 Meal of ME on a zero silage ration, each animal should receive 8.6 
kg of ration rather than 10 kg. 
Hence, in principal, the experiment vas conducted as a 6 x 2 
factorial [isj, with the important exception that the physical con­
straints limited the random assignment of experimental units to treat­
ments. In reality, only two choices existed; whether pen 1 received 
a high silage or a low silage ration, and which of the two pens receiv­
ing a given ration would be fed ad-lib consumption. It was arbitrarily 
decided that pen 1 would receive an all-silage ration and that even-
numbered pens would be fed ad-lib. 
To obtain more information on time and carcass effects of the 
rations it was decided that animals on restricted intake would be 
slaughtered after a constant time on feed, while ad-lib pens were to be 
slaughtered at as near a constant grade as possible, regardless of time. 
Such a procedure allowed not only daily consumption to be restricted, 
but also restricted the absolute consumption over the entire feeding 
period. In this manner, time effects on grade and other carcass traits 
were embodied in the level of intake. 
with the experiment thus specified, 96 yearling steers of unknown 
backgrounds were acquired on November 30, 1975. while backgrounds, 
such as past performance and breeding records, were unknown, the animals 
did represent a typical group of yearling steers available to Midwestern 
cattle feeders at the time of their purchase. On December 1, 1975, 
each steer was individually weighed, given a permanent ear tag indenti-
fication number, and implanted with 30 mg of diethylstilberstrol (DES) 
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behind the right ear. In an attempt to reduce any breed effects from 
such a diverse group, it was assumed that color is correlated with breed­
ing. Therefore, the animals were observed as either solid black (B), 
black with a white face (BWF), or red with a white face (KWF), with 
initial weight distribution by color group, as shown in Table 5. 
Table 5. Initial weights and number distribution of steers by color 
group 
Color Group 
B BWF RWF 
Number of Steers 27 33 36 
Mean Weight (kg) 275.11 274.18 262.26 
High Weight (kg) 307.54 315.25 289.40 
Low Weight (kg) 224.53 227.25 219.54 
Animals were then randomly assigned to pens, and thus treatments, 
by color and weight. In this manner, each pen was comprised of, as 
nearly as possibly, a proportionate number of animals from each color 
group at an initial average weight equal to the overall average as shown 
in Table 6. 
Subsequent to the initial weighing on December 1, all steers were 
individually weighted at 28-day intervals and feed consumption records 
were maintained daily by pen. During the first 28-day period all steers 
received an identical ration of approximately 5.7 kg of silage and 1.8 
kg of corn grain per animal per day to acclimate them to feeding. 
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Table 6. Initial weights and color group distribution of steers by pen 
Number of Steers Mean High Low 
Pen B BWF KWF 
Weight Weight Weight 
JL 2 3 3 271. ,08 299. 37 227. 25 
2 2 3 3 269. 72 289. 39 229. 07 
3 2 3 3 272. 56 299. 37 240. ,41 
4 2 3 3 271. 20 300. 28 250. 84 
5 2 3 3 269. ,38 284. ,86 249. 48 
6 2 3 3 268. 25 282. ,59 245. ,40 
7 2 3 3 268. 48 286. ,67 244. ,94 
8 2 3 3 271. ,31 305. ,27 240. ,41 
9 2 3 3 272. ,16 315. ,25 237. ,68 
10 3 2 3 268. ,36 314. ,34 224. 53 
11 3 2 3 268. ,82 306. ,63 229. ,07 
12 3 2 3 269. 55 311. 17 219. ,54 
Overall 27 33 36 270. 07 315. 25 219. 54 
During the following 14 days the rations were gradually adjusted 
to the treatment rations, so that each pen started its individual test 
ration after 42 days. An Intermediate weighing vas zsde at that time 
and as such was set as the starting weight for purposes of the test. 
After an additional 14 days the steers were reweighed and thus returned 
to the 28-day cycle. All pens continued in this manner until slaughter, 
which occurred after 161 days on test for those on restricted intake, 
and after either 157 or 183 days on test for those fed ad-lib. Average 
weight at the initiation of the test, days on test and average slaughter 
weight by pen as well as overall averages are summarized in Table 7. 
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Table 7. Weights as of start of test period and at slaughter by pen 
Pen Ration 
Weight at 
Start of Test 
(kg ) 
Days on 
Test 
Slaughter 
Weight 
(kg) 
1 1.0 317.29 161 505.59 
2 1.0 310.26 183 493.97 
3 .8 325.40 161 495.78 
4 .8 315.93 157 480.25 
5 .6 318.77 161 487.39 
6 .6 315.82 183 491.19 
7 .4 320.30 161 498.22 
8 .4 325.63 157 500.71 
9 .2 323.42 161 494.70 
10 .2 324.21 157 502.64 
11 0.0 318.88 161 468.00 
12 0.0 320.41 183 491.13 
Overall 319.69 165.5 492.46 
Statistical Methods of Analysis 
Ordinary least-squares regression 
Historically, one of the most popular methods of analyzing data, 
such as that provided by this experiment, has been regression analysis 
To appreciate its popularity with both economists and physical 
scientists, consider a simple linear model of the form 
y = x/3 + u (2.1) 
where: 
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y = a n X 1 vector ofi=l, 2, .n observations on the dependent 
variable, y; 
X = a n X m matrix of i = 1, 2, n observations on j = 1, 
2, m independent variables, x; 
= a m X 1 vector of regression coefficients; and 
u = a n X 1 vector of error terms. 
Without proceeding further, it is easy to see why such a model 
might appeal to either economists or physical scientists. If the values 
of y are the observed units of output of a production process, and the 
values of x are the observed units of the jth input consumed in produc­
ing thè 1th level of output, then equation 2,1 describes the maximum output 
produced from any level of inputs. Similarly, the /3^ , can be interpreted 
as the contribution to output of an additional unit of the jth input, 
and u represents the error in the model due to misspecification of 
equation 1. In other words, if all u^  = 0, then the model specified 
by equation 2.1 is exactly correct. 
Customarily, an expression with the above properties, including 
zero error, is referred to simply as a production function [28]. Because 
the production function defines the physical production process, includ­
ing the current technology of production, its usefulness to physical 
scientists is obvious. In addition, the production function provides 
one-half of the information necessary for an economist to determine the 
levels of input use and output which will maximize a firm's profit [Soj, 
with the other necessary information being relative prices. 
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The problem arises when one realizes that an exactly correct model 
is not generally known. Specifically, even if all factors effecting 
output, the x^ j, are known and included in the model, the are unknown, 
and must, therefore, be estimated. The inclusion of an estimated /3 
rather than the true /3 will, in general, result in a misspecification, 
causing u to be nonzero. The problem, for economists and physical sci­
entists alike, is, therefore, the estimation of a /3 which minimizes the 
error due to misspecification and thus, the use of regression analysis. 
To show how such a method may be used in the analysis of data, it 
is first necessary to make some assumptions about the observations in 
the data set and thus, the terms in the model. Using the notation of 
equation 2.1, the most critical assumptions noted by Johnston [40] are 
expressed as follows: 
1) E(u) = 0; 
2) E(uu') =0-^ 1^ ; 
3) X and y are sets of fixed numbers; and 
4) x is of rank (m < n.) 
The first assumption is simply that the expected value of u^ , E(u), 
is zero, or that errors are distributed about a mean of zero. The second 
assumption is that the expected value of u multiplied by u transpose, 
2 
E(uu'), is a constant, a , times the identity matrix of size n, I^ . Be­
cause is a syrssetric zstrix of rank n, vith ones on the tnaln diagonal 
and zeros everywhere else, the second assumption has two principal proper-
2 2 ties. First, the ones on the diagonal of show that E(u^ ) = cr , an 
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unknown scalar constant, for all i, a property commonly known as 
homoscedastlclty. And second, the off-diagonal terms of are zero, 
resulting in the relationship that E(u^ u^ ) = 0 for t ^  s, or in other 
words, the are pairwise uncorrelated. 
The fixity of the variables imposed by the third assumption insures 
that, in repeated sampling, the only variation in y would be in u. The 
fourth assumption insures that x'x inverse, (x'x) exists or that 
x'x is nonsingular [21, 40], which is required in estimating (3. 
Given these assumptions and the basic model of equation 2.1, 
regression analysis can be used to find an estimate of /3, which will be 
symbolized by b, so that the error due to misspecification is minimized. 
Typically, this is accomplished by minimizing u'u rather than u because 
some u^  must be less than zero already if E(u) = 0. The procedure of 
minimizing u'u uses the least-squares principle, and in this case, 
ordinary least-square, abbreviated OLS. 
The OLS estimation of can be illustrated by rewriting equation 
2.1 as 
u = y - xb (2.2) 
where: 
u = a n x 1 vector of error terms called residuals; 
b = a m X 1 vector of estimated regression coefficients; and 
X and y are as previously defined. 
From equation 2.2 the sum of squared residuals can be written as 
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u'u = (y - xb)' (y - xb) 
= y'y - 2b'x'y + b'x'xb (2.3) 
To minimize u'u, differentiate (2.3) with respect to b, yielding 
~ -2x'y + 2x'xb (2.4) 
-1 
By equating (2.4) to zero and making use of the assumption that (x'x) 
exists, a solution for b can be written as the normal equations (n.e.) 
b = (x'x) ^ x'y (2-5) 
The b thus obtained from (2.5), among other properties, can be 
shown to be the best, linear, unbiased estimate of ^  under the previously 
stated assumptions. The proof that b is a linear, unbiased estimator 
of ^  can be shown quite easily by substituting for y in (2.5) from (2.1) 
producing 
b = (x'x) ^ x' (xj3 + u) 
= (x'x) ^ x'x/3 + (x'x) ^ x'u 
= 1^ /3 + (x'x) ^ x'u 
= /5 + (x'x) ^ x'u (2.6) 
It is obvious from (2.6) that b is a linear expression of m. To show 
that b is an unbiased estimate, obtain the expected value of (2.6) as 
"C* \ — 1? F -L. / V ' V ' < t1 
^ ^ I »- • "•I 
= E(f) +E [(x'x)'-x'u] (2.7) 
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The final step utilizes the assumption of fixed x as well as the 
assumption that E(u) = 0 and (2.7) to produce 
E(b) = ^  + (x'x) ^ x'E(u) 
= 8 
and thus demonstrates that b is an unbiased estimate of /3. 
The proof that b is the best, linear, unbiased estimator is left 
to one of many statistical theory texts including Draper and Smith [l8] 
and Johnston [40j. While the proof is rather lengthy, and thus omitted, 
it rests heavily on determining the variance of b, which has many uses, 
including tests of significance. For that reason, the variance of b is 
derived as follows: 
V(b) = E [(b - /3)(b - /3) ] 
= E [(x'x) ^ x'uu'x(x'x) 
= (x'x) ^ E(uu*)x(x'x) ^  
= (x'x) ^ x'a^ I^ x(x'x) ^  
= c^ fx'x)"! (2,8) 
2 
As previously noted, 0" in (2.8) is an unknown constant. It can, 
however, be estimated by 
(2.9) 
2 2 
where s is an unbiased estimator of o" . An estimate of the variance 
of b is then obtained as 
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Generalized least-squares regression 
It must appear that an excessive amount of space has been devoted 
to the properties of OLS regression analysis when this topic is covered 
so thoroughly in so many statistic texts. It is felt, however, that 
such a review of OLS contributes to an understanding of the implications 
when one or more of the assumptions are unfulfilled, which results in a 
modification of the OLS analysis called generalized least-squares (GLS). 
Autocorrelated errors To see how conditions could arise which 
might cause one or more of the OLS assumptions to be violated, consider 
the data generated by the previously described experiment. Because 
repeated measurements are made on the same experimental units over time, 
there is ample reason to suspect that the errors associated with these 
repeated measurements may be correlated. This problem, termed auto­
correlation, is common in data of a serial nature, and may arise from 
any of many sources. For instance, if the model fails to recognize an 
independent variable that in reality contributes to the value of the 
dependent variable, then this neglected variable's effect is included 
in the error term. Obviously, if the effect of this variable in one 
period is correlated with its effect in other periods, as would be ex­
pected, then the errors may be likewise correlated. 
Regardless of the specific source of autocorrelation, the common 
effect is a breakdown In the second assumption of OLS, that E(uu') = 
2 
w I^ . As noted previously, this assumption actually imposes two condi­
tions: homoscedasticity and pairwise uncorrelated errors. Autocorrela­
tion causes the latter of these two conditions to be violated. If one 
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falls to recognize and correct for this problem an OLS estimate of )3 
may be obtained which is still unbiased but is inefficient [l6]. More 
simply, the result is that V(b) obtained by OLS is invaliid, and thus 
significance tests on b are also invalid. 
To see how this condition arises and can be corrected, the second 
assumption is relaxed and rewritten as 
E(uu') = V (2.11) 
where V is assumed to be a known, symmetric, positive-definite matrix 
of size n X n. The model, thus specified, is more general than the OLS 
model and hence, the name generalized least-squares model [4oj. This 
model produces an OLS variance of b from (2.8) as 
V(b) = (x'x) ^ x'Vx(x'x) ^  (2.12) 
Comparing (2.12) to (2.8), it is easy to see that the OLS formulation 
of V(b) when autocorrelation is present is incorrect. To correct this 
and thus obtain efficient estimates, it is necessary to find a transfer 
mation matrix, T, of size n x n, such that the condition 
E(Tuu'T') = TVT' = (2.13) 
is satisfied. 
Various techniques have been developed to estimate the T matrix, 
including one \mich requires an assumption about the nature of the auto 
correlation [40] and one which requires no such assumption [l6]. While 
the latter is a more general solution and, therefore, generally prefers 
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the former method is technically simpler and has been used quite 
successfully with data similar in nature to the data analyzed herein 
[30, 31]. Hence, when necessary, the T matrix will be obtained using 
the method which requires an assumption about the nature of the autocor­
relation. 
The assumption required to apply this methodology concerns the order 
of the disturbance terms. The assumption, therefore, specifies whether 
errors of the t period (u^ ) are correlated with only the t-1 period errors, 
or with t-1 period and t-1 period errors, or with any number of the pre­
vious periods' errors. If the errors of the t period are assumed to be 
correlated with t-1 period errors, the disturbance is said to follow a 
first-order scheme, namely, 
u^  = + e^  (2.14) 
where : 
u^  = errors of the t period; 
u^  ^  = errors of the t-1 period; 
U C— J. 
e^  = the true, serially independent errors of the t period. 
Furthermore, p must satisfy the condition that ipi < 1 and e_ must satisfy 
the assumptions 
•of,- \ _ n 
 ^; 
2 E(e^ e^ ) = for all t=s, and 
E(e^ e^ ) = 0 for all t^ s. 
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Obviously, these assumptions mean that e^  now satisfies the OLS assumptions 
previously specified, even though u^  does not. 
Under the assumption of a first-order scheme, (2.11) can now be 
expanded as 
E(uu') = V = a 
u 
P 
1 
P 
P 
1 
, n-1 
,n-2 
. . .  P  n-3 
(2.15) 
i 
For this particular structure of V, the T matrix necessary to satisfy 
(2.13) is 
yïTp" 0 0 0 ... 0 0 
-P 1 0 0 ... 0 0 
0 -p 
T = •1 (2.16) 
0 0 0 p 1 
It is easily verified that this transformation matrix, T, produces 
TVT' = cr I 
e n 
(2.17) 
thus, satisfying (2.13) and the OLS assumptions concerning the new error 
terms, e^ . 
Hence, simple OLS may be applied to the original data after 
transformation by T to produce 
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T y  =  T x b  +  Tu (2 . 1 8 )  
The b thus estimated from (2.18) is once again efficient, avoiding the 
problems introduced by autocorrelation, and fulfills the OLS assumptions, 
producing a best, lineax; unbiased estimate of h. 
Errors in variables Frequently, in data such as are being 
examined here, a second assumption of OLS is violated. Because the ani­
mal, not the researcher, controls both feed intake and gain, it is usually 
unrealistic to assume that variables are fixed, as assumed in the third 
OLS assumption previously listed. This means the observed values of the 
variables include a measurement error, and are not true values. 
To examine the impact of these errors in variables, two new variables, 
Y and X, are defined as the matrices of observed values for the dependent 
and independent variables, respectively. The relationship between these 
new variables and the original y and x variables can then be expressed as 
Y = y + w (2.19a) 
X = X + V (2.19b) 
where: 
Y = a n X 1 vector of observed values of the dependent variable; 
y = a n X 1 vector of true values of Y; 
X = a n X m matrix of observed values of the m independent variables; 
X = a n X E matrix of true values of X; 
w = a n x 1 vector of measurement errors of Y; and 
V = a n X m matrix of measurement errors of X. 
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If the researcher falls to recognize this measurement error and 
correct for it in the estimation, the resulting OLS estimator of ^  will 
be both biased and inconsistent. For example, assume that the desired 
model is again expressed by (2.1). Because of the error, however, the 
researcher does not know x and y and must use the observed values, X and 
Y. Substituting X and Y into (2.1) using the relationships in (2.19a) 
and (2.19b), the model can be rewritten as 
Y - w = (X - v)/3 + u (2.20) 
Y = (X - v)/3 + (u + w) 
Because u, v and w are all error terms, they possess the typical properties 
of being independent, normally distributed, random variables [40], with 
2 2 2 
zero means (E(u) = E(v) = E(w) = 0) and variances of O"^ , cr^ , and (T^ , 
respectively. Hius, u and w can be added together to produce a new error 
term, e. Substituting e Into (2.20) and collecting error terms, the new 
model 
Y = X/3 + (ô = "13) (2.21) 
is obtained. And, the OLS estimate of g is obtained as 
h = 13+ (X'X)"^ X'(e - v/3) (2.22) 
Obviously, b is a biased estimate of /3 because the expected value of the 
term 
X'(e - v/3) 
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in (2.22) is not zero. Additionally, this term will not become zero, 
regardless of sample size [40], and the estimate of ^  described by (2.22) 
is, therefore, both biased and inconsistent [3?]. 
As with autocorrelated errors, there are a number of alternative 
ways to correct for these measurement errors and for errors in variables 
in general, including maximum likelihood estimation methods and instru­
mental variable methods [40]. In general, for the purposes of this study 
the latter method will be used. This preference for instrumental vari­
able analysis arises from the fact that application of the maximum likeli 
hood estimator analysis requires fairly strong assumptions about the 
variance-covariance matrix of error terms not required with instrumental 
variables [40]. 
The key to an instrumental variable estimation is the determination 
of a new variable, z, which is uncorrelated with the error terms, e and 
V, correlated with x, and itself measured without error. 
A new model may then be specified as 
= =7 j = 1, 2, m (2.23) 
where: 
Xj = a n X 1 vector of the x matrix specified in (2.1); 
2 = a n X p matrix of p instrumental variables; and 
7 = p X 1 vector of regression coefficients. 
As before, x^  is not observed, so X. from (2.19b) is substituted, 
yielding 
X. = zy + V j = 1, 2, ..., m (2.24) 
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and the OLS estimate of 7 is obtained as 
9= (z'z)"lz'X j  = 1, 2, m (2.25) 
This estimate satisfies the OLS assumptions, and predicted values of X. 
may then be derived by 
Xj = z7 j = 1, 2, ...» m (2.26) 
In this manner, the predicted values of X^  are free of the measurement 
error, v [21, 40j. 
When X rather than X is substituted in the original model of (2.1). 
the relationship 
Y - w = X^  + u (2.27) 
Y = zV/S + e 
is easily obtained by the same reasoning as noted previously in (2.20) 
through (2.21). This model will then produce an estimate of 
b - (2.2S) 
= (X'X) ^ X'Y 
which is now unbiased and consistent [32, 40]. 
Hence, once a satisfactory instrumental variable, z, has been 
obtained, it becomes a fairly simple, two-stage least-squares (2SLS) 
problem. It is especially useful when one realizes that in most experi­
mentally produced data, the treatments which are experimentally fixed 
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can be assumed to be measured without error. Thus, some measure of 
treatment could generally serve as z, the Instrumental variable. 
Grafted polynomial regression 
Whils rsgrsssion analysis has a great potential to analyze 
experimental data, in spite of the problems mentioned, it does require 
that the researcher be able to make an a priori specification of the 
functional form of the model. Often, this can become the most difficult 
problem of all. 
Simple functional forms are easy to analyze, in both physical and 
economic terms, as illustrated by the popularity of models represented 
by a quadratic function [l6, 23, 30, 31j in explaining biological rela­
tionships. In many cases, a functional form such as the quadratic pro­
vides a quite adequate representation of biological phenomena, often howevei; 
the most appropriate functional form is much more complex. Naturally, 
this is to be expected when one considers the complexity of any biologi­
cal organism or process. 
There is, however, a relatively simple procedure developed by Fuller 
[20], which enables extremely complex functions to be approximated as a 
series of more simple functions. The procedure, called grafting, involves 
estimating the complex function in a series of segments, each simpler 
than the original function, subject to a number of constraints in the 
model. 
To illustrate the methodology, consider first the two-dimensional 
case of one input and one output. Assume that, either on the basis of 
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a priori knowledge of the biological properties, or on the basis of 
examination of the data, the model is best specified by a function which 
is increasing, first at an increasing rate, and then at a decreasing 
rate, to a maximum. Obviously, a quadratic function would not satisfy 
these conditions, leaving a cubic in the input as the simplest polynomial 
function possible for this model. 
If, however, the cubic function was estimated for this model, its 
analysis would be quite a bit more complex than the quadratic function. 
For instance, the derivative of the cubic would yield a quadratic, which 
would have to be solved using the quadratic formula, whereas the quadratic 
model produces a linear first derivative which is easily solved. From 
even this simple example, it is easy to see how much more complex an 
analysis can become as increasingly higher-order polynomials are required 
to specify the model. 
Using the grafting approach, the same cubic model can be approximated 
as two quadratic segments, joined at the inflextion point of the cubic, 
with continuous first derivatives. This grafted model may then be ex­
pressed as 
(2.29a) 
Y = b + b X + b x^  
3 4 5 X ^  k (2.29b) 
subject to: 
DQ + b^ (k) + bgCk): = b^  + b^ (k) 4- bg(k)2 (2.29c) 
b, + 2b^ (k) = b^  + 2b^ (k) (2.29d) 
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where k is the numerical value of x at the inflextion point of the cubic. 
Restrictions (2.29c) and (2.29d) join the model, (2.29a) and 
(2.29b) at k with a continuous first derivative. 
In the original specification of the model, (2.29a) and (2.29b), 
there are six parameters to be estimated (b^  through b^ ). The two linear 
restrictions in the parameters reduce the parameters to be estimated from 
six to four, which the researcher can choose at his own discretion. Fol­
lowing Fuller [20], the parameters chosen are b^ , b^ , b^ , and (bg - b2). 
The missing original parameters can then be determined as 
bg = bq + k^ (bg - b^ ) (2.30a) 
b^  = b^  - 2k(b^ - b ) (2.30b) 
bs = b^  + (b^  - b^ ) (2.30c) 
when the chosen parameters are estimated in the regression equation 
Y = bq + b^ x + bgX^  + (b^  - h^ )Z (2.31) 
where 
0 for X i k 
Z =j 2 
(x-k) for X i k. 
I 
Obviously, the same principal can be applied to any number of 
successive functions in two dimensions or to grafting in n dimensions. 
The only basic change is that in n dimensions the grafting point, k, is 
now a(n - 1) dimensional function. For example, in a three-dimensional 
case of two inputs and one output, k is expressed as a line. Clearly, 
the restrictions in this case concern the continuity of the first partial 
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derivative with respect to each input, and the estimation is more complex. 
But, the analysis is still simpler than the higher order polynomial case. 
The use of a grafted polynomial approach, therefore, permits even 
the most complex of functions to be analyzed while keeping the degree of 
the polynomial down at the level of a quadratic. This makes the analysis 
performed after estimation much simpler to accomplish and often simpler 
and cleaner to interpret in either economic or biological terms. 
Summary 
Thus, in general, any production process can be expressed as a 
production function relating the maximum output expected from any input 
level. And this production function can be statistically estimated from 
experimental data, in almost any form. In this manner, complex properties 
can be approximated for subsequent analysis cleanly and efficiently by 
using the various statistical methods of regression analysis which have 
thus far been briefly presented, including methods of correcting for un­
fulfilled OLS assumptions in live data. 
Economic Methods of Analysis 
The estimated production function provides much of the information 
necessary for a producer to make rational decisions. But his information 
is generally not the sole criteria for a decision and, therefore, not 
sufficient. For instance, a producer stays in business in the long run 
only as long as he can attain a reasonable return by continuing to pro­
duce. To accomplish this, he must make decisions based not only on the 
technology of production; but also on resource availability and relative 
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prices of inputs and outputs. The researcher must, therefore, be able to 
simultaneously examine both of these important categories i " information 
much as the producer would in making his production decisions. 
Theory of the firm 
One of the most potentially powerful tools available to analyze 
this decision process is the economic theory of the firm, where a firm 
can be any agent, either individual or organization, which is involved 
in production. The utilization of this theory, however, depends not only 
on a knowledge of relative prices and the technology of production as 
described by the production function, but also on the researcher's ability 
to specify goals or objectives for the firm. These goals will then 
govern the manner in which the rational firm relates production to prices 
and thus, its overall decision process. 
The combination of these three major pieces of information, and 
subsequently the theory of the firm, can be easily illustrated by examin­
ing a firm which maximizes profit. This firm's sole goal is the attain­
ment of ths Izrgszt possible profit, defined revenue îess total 
costs. Mathematically, this objective can be represented as 
TT = TR - TC (2.32) 
where; 
TT = profit to be maximized; 
TR = total revenus; and 
TC = total costs. 
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Because TC can be partitioned into costs which vary with the units of 
output, called variable costs (VC), and costs which cannot be avoided even 
with zero output, called fixed costs (FC), the firm's objective can also 
be expressed as 
7r= TR - rvC - TFC (2.33) 
where: 
TVC = total variable costs; and 
TFC = total fixed costs. 
Additionally, TR can be expressed as the value of output, or units of 
output times price per unit, while TVC can be expressed as the sum of 
costs for variable factors of production, or the sum of the units of 
variable inputs, when each is weighted by its per unit cost. This results 
in a modification of (2.33) to the form 
n 
TT = P Y - - TFC (2.34) 
y iti i 1 
where: 
= price per unie or output; 
Y = units of output; 
= price of the ith factor of production (input); and 
= units of the ith factor or input used in production. 
It is obvious that (2.34) contains two of the principal components 
mentioned previously, an objective and thé pfices, Py ând P^ , 
Expressing the production function which has been statistically estimated 
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Y = f(X^ , Xg (2.35) 
snd substituting into (2.34) the three components are combined into a 
single function. 
P f(X^ , X2,...,X^ ,...,X^ ) - Ë Vi" (2.36) 
To determine optimal input usage, and thus the output level which 
will maximize this firm's profit, the partial derivative of (2.36) with 
respect to each of the n inputs is obtained as 
ÔTT 5y ^^ i ^^ i 
0X7 " ^^ *1' ^ 2'*"'^ i'''*'VôXj^  • ^lax^  • iôx^  
i = 1, 2, ..., n (2.37) 
3Y 
where -r;;- is the first partial derivative of the production function (f) 
i 
with respect to X^ . Each of these marginal equations expressed by (2.37) 
must be set equal to zero, and the condition: 
2 
 ^< 0 i = 1, 2, ..., n (2.38) 
must also hold to insure that the solution to (2.37) is a maximum [Sj. 
Generally, a firm can be assumed to be competitive, meaning that its 
own output will not affect output price and that it can purchase all of 
any input desired at the market-determined price [Scj. If the firm is 
competitive, then the terms relating price changes to input changes are 
equal to zero, simplifying (2.37) to 
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 ^  ^ " 1 = 1. 2 " (2.39) 
These n marginal equations define two important relationships which 
must exist for this firm to be maximizing profits. First, for each input 
the condition 
p 
 ^ i = 1, 2, n (2.40) 
i y 
is indicated. This means that an input is used up to the point where 
/ SY \ the change in output for a unit change in the input i i or marginal 
\  1 /  /p , \  
product (MP^ ) of %^ ,i8 equal to the ratio of input to output prices I .piL, 
Second, a typical method for solving simultaneous equations, such 
as (2.39), for the optimal usage of the n inputs is to divide each of 
these n equations by the nth equation. Hence, rather than n marginal 
equations in n unknowns, there are n-1 unknowns. For example, when n is 
limited to two inputs, (2.39) can be expressed as 
 ^= ^ 2 (2.41b) 
Dividing through by (2.4ib), the relationship to be solved for input use 
is obtained as 
p # 
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This expression also exhibits the second relationship mentioned, namely, 
inputs are used until the ratio of input prices are equal to the substi­
tution of one input (X^ ) for the other (X^ ) in production, or the mar­
ginal rate of substitution (MRS,_). More specifically, the marginal rate 
/ -r, V 
/ 
of substitution of for X^  must equal the inverse price ratio I — 
By necessity, the development of the model and the theory of the 
firm has been very abbreviated. This simplicity clearly contributes to 
a greater understanding of the firm's decision process, the components 
and relationships of the theory of the firm, and the development of firm 
models in general. This same simplicity does, however, tend to cause 
the model to distort reality. 
There are two primary causes for the distortion that may be evident 
in the simple firm model. First, the assumptions of competition involving 
resource availability and prices are generally, at least to some degree, 
untrue. For example, the market may be structured such that only one 
output level may be sold without some discounting of the output price, 
such as under federal supply control programs. 
Second, it is naive to think that the objective of all firms is the 
maximization of profits. Firms are generally influenced by a variety of 
goals, all of which may not be monetary in nature. For example, some 
firms certainly have goals concerning the volume of output, as well as 
profit. These firms may well be willing to accept less profit for greater 
output in meeting their goals. Nonmonetary objectives are much more dif­
ficult to specify and analyze, so a firm analysis is typically restricted 
to only monetary goals. It does not imply, however, as iaany economic 
• 
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analyses would indicate, that the eleventh commandment is "thou shalt 
maximize profits." Minimizing costs of production, minimizing Investment, 
and maximizing revenue, as well as many other monetary measurements, can be 
fully legitimate goals. It is imperative, therefore, that a researcher 
specify the goals which are most appropriate, especially monetary goals, 
for the firm being analyzed. 
Obviously, the acceptability of assumptions about the competitive 
nature of the firm and the relevant goals are dependent on the specific 
firm and conditions. Just as obviously, as goals are changed and assump­
tions relaxed, the analysis of any type of firm with many possible sets 
of relative prices can grow in complexity by leaps and bounds. For this 
reason, it is often desirable to make use of various computer-assisted 
techniques to determine approximate solutions rather than attempt to 
solve mountains of calculus and algebra by hand. 
Linear programming 
One computer-assisted method of solving sets of simultaneous equations 
[o. 47J which has a great deal cf appeal to economists is linear progrsia-
ming. Operationally, it is fairly simple, and the optimizing framework 
has immediate parallels to the theory of the firm. Of course, it also 
has its disadvantages. For instance, it Is an approximation, the accuracy 
of which depends on the specific problem and model specifications. 
The theoretical basis for linear programming is complex and lengthy 
and is thus left to one of many qualified texts [22, 27j. In general, 
however, linear programming involves finding nonnegative values for a 
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number of variables which will maximize (or minimize) a linear function 
of these variables subject to a set of linear constraints. 
If Xj is defined as the value of the jth variable for which the 
linear programming model is to solve, then the model can be expressed as 
m 
Max (Min) Z = C.X. (2.43a) 
j=l  ^J 
m 
subject to  ^a X. ^  b. i = 1, 2, n (2.43b) 
j=l  ^  ^
all Xj % 0 (2.43c) 
where: 
Z = the value of the linear function to be maximized (minimized); 
Cj = the relative contribution per unit (such as returns or costs) 
of the jth variable to Z; 
Xj = the value, in units, of the jth variable (where the variable 
represents a specific activity or process such as production 
alternatives); 
a^ j = a technical coefficient relating the units of the ith resource 
required per unit of the jtîi activity; and 
= the amount of the ith resource available. 
This is sin^ >ly a typical representation of a linear programming model, 
and as such is not intended to represent any specific firm model. It 
does, however, illustrate the manner in which a linear program is speci­
fied. Additionally, it helps to illustrate four assumptions of linear 
programming which are required to solve for X.. 
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First, there are a finite number of processes. In the simple model 
specified, these processes are limited to the finite number, m, over 
which j is summed in (2.43a) and (2.43b). This is a reasonable restraint, 
especially in the short run, because a firm is limited by time if nothing 
else in the number of possible activities. 
Second, there is a single C value for each of the j activities. 
This corresponds to the assumptions of competition for a theory of the 
firm analysis. It thus has the same strengths and weaknesses as the firm 
analysis in this respect. 
Third, each activity is infinitely divisible. While this may not 
be exactly true, in most cases, it will produce a close approximation. 
Also, it is no different from the firm analysis which can also Indicate 
optimal output at parts of a unit. 
"And, finally, constraints and activities are linear and additive, 
as indicated by (2.43a) and (2.43b). This means that there is no possible 
interaction between the m activities and that all constraints must be 
expressed as linear functions of the X^ , as the name linear program would 
J HIS n 1 W 
Obviously, an isssediats source of concern aust be the restrictions 
concerning linearity, "or example, the estimated production function can 
be incorporated into the linear program as either an activity or a con­
straint, but there is no assurance that this function is either linear or 
additive, and generally, there is ample cause to believe that it is not. 
However, any nonlinear function can be approximated as a series of linear 
segments and then incorporated into a linear program. If the model is 
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constrained such that to achieve higher output levels it must proceed 
sequentially through all lower output levels, then the model is referred 
to as a separable program. 
It would be difficult, and probably fruitless, to attempt a 
development of separable programming in an abstract sense. Thus, its 
more detailed presentation and further discussion of linear and separable 
programming will be deferred until a specific model is developed for 
analysis. At this time, it is only important to know that a researcher 
is not constrained to profit maximization of a competitive firm. Linear 
programming, and variations of thereof, aid in the solution of models 
which are as complex as the researcher's imagination can define. 
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CHAPTER III. THE DIRECT ESTIMATION AND 
ANALYSIS OF GAIN ISOQUANTS 
Often the direct estimation of a production function can be a 
formidable task, even with the statistical methods previously outlined. 
The estimated function must be as statistically accurate as possible, 
while remaining consistent with any known physical properties such as 
the attainment of a maximum yield per acre in corn production. 
At one extreme, the form of the production function and all physical 
properties of the production process are already known. In this situation 
an accurate estimate is reflected in significant estimates of the regres­
sion coefficients. At the other extreme, the true function is unknown 
and only limited information on physical properties exists prior to the 
estimation. For this case, an accurate estimate can mean that the func­
tion has good predictive power, as exhibited by either a relatively small 
1 2 2 
mean-square error (MSE) or a larger coefficient of determination (R ). 
In general, the researcher finds himself on some middle ground: knowing 
something about the true function and the physical properties of produc­
tion but not everything, and desiring an estimate of the function with as 
great a predictive power and as significant an estimate of the regression 
coefficients as possible. 
1 SSE / 
mSE is computed as /(n-k), where SSE is the sum of squared errors, 
n is the total degrees of freedom and k is the number of parameters (/3) 
estimated in the regression. 
2r2 is computed as 1 - ^^ /^tSS where TSS is total sum of squares, 
and is in the range OSR^  ^  1.0. 
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Obviously, because the predictive ability of an estimated function 
is generally in relative terms, there is an implication that many func­
tional forms must be estimated in something of a trial-and-error process. 
When each of these functions must be statistically estimated, correcting 
for both errors in variables and autocorrelation, it is easy to see why 
the estimation of a production function is formidable. It is also easy 
to see why additional information about the production function, or the 
ability to avoid either problems of autocorrelated errors or errors in 
variables can be immensely beneficial in first approximations. 
One method which has a great potential to provide information about 
the production function, while simultaneously avoiding problems of auto­
correlation, is the direct estimation of the isoquants as done by Heady, 
Sonka and Dahm [32] using data on swine. An isoquant expresses all com­
binations of inputs which will produce a given output. Because the output 
is fixed for each isoquant estimated, there is only one observation of 
each input per experimental unit and the serial cause of autocorrelation 
is thus eliminated, 
Estimation of the Isoquants 
To proceed with the direct isoquant estimation, assume that the 
desired production function can be expressed as 
G = f(C,S) (3.1) 
where : 
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G = kilograms (kg) of weight gain per steer; 
C = kilograms dry matter (kg DM) of concentrate; and 
S = kilograms dry matter (kg DM) of corn silage. 
Fixing gain at some level, G°, and solving for C, the isoquant function 
corresponding to G° can be expressed as 
C = g(S) (3.2) 
where G° is subsummed in the functional form of the isoquant, g. 
The actual values of G° are somewhat arbitrary, but examination of 
the data suggests some natural breaks in G. From the average weight at 
the start of the test of 320 kg, five isoquants are thus selected for 
estimation corresponding to values of G° of 50, 80, 105, 135, and 160 
kg. These values of G° produce calves weighing 370, 400, 425, 455, and 
480 kg, respectively. It is felt that producers would not generally nsake 
drastic ration changes for smaller weight intervals and that calves of 
this type weighing 480 kg at the conclusion of a feeding period would 
generally be sold as USDA Choice slaughter steers. 
Obviously, because the animals were weighed at 28-day intervals 
rather than continuously, it is only by chance that any pen averaged 
exactly the weight specified for the isoquant when weighed. This means 
that not only gains, but also consumption of both concentrate and silage 
do not directly correspond to the specified isoquants. To estimate C and 
S which are consistent with the specified isoquants, feed was allocated 
in fixed proportion to gain within weigh periods. In essence, this means 
that feed efficiency is assumed constant within periods, but not across 
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periods. For exançle, if a pen gained 30 kg in the first period and 
30 kg in the second period, then feed consumption for this pen for the 
first isoquant of 50 kg would be estimated as the sum of the first period's 
consumption plus two-thirds of the second period's consumption. The 
values thus estimated are used for C and S in the isoquant estimations. 
The estimated instrumental variable functions 
Although the serial nature of the data and the associated statistical 
problems of autocorrelated errors are eliminated by directly estimating 
the isoquants, nothing has been done about potential errors in variables. 
Following the instrumental variable approach previously outlined, it Is 
necessary to define an additional variable, the Instrumental variable, 
which is measured without error and is correlated with the independent 
variable, S. A likely candidate for an instrumental variable In this data 
set is the silage proportion in the ration (R). Obviously, this variable 
may be assumed to be fixed experimentally, and as such, measured without 
error. In addition, it is reasonable to expect S to increase as R in-
creases, «Trnougn probably at a decreasing rate, so that 3 atid R are 
indeed correlated. 
Because five isoquants have been defined it is necessary to estimate 
five instrumental variable equations—one for each isoquant. Realizing 
that a quadratic function will describe the hypothesized relationship 
between S and R, OLS regression estimates of the five equations are ob­
tained as follows; 
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Isoquant 1 (Gain = 50 kg) 
1) - 152.3888(1 
(8.6733) (10.2789) 
S = 446.3934(R 888(R^ ) (3.3a) 
= .9925 MSE = 96.2033 
Isoquant 2 (Gain = 80 kg) 
S = 690.7911(R) - 156.7879(R^ ) (3.3b) 
(12.4929) (14.8055) 
R^  = .9952 MSE = 199.5923 
Isoquant 3 (Gain = 105 kg) 
I) - 258.3724(1 
(19.3020) (22.8751) 
t = 997.3931(R 724(R^ ) (3.3c) 
R^  = .9940 MSE = 476.4549 
Isoquant 4 (Gain = 135 kg) 
(R) - 350.4293(1 
(27.4374) (32.5164) 
S = 1282.9078 (R^ ) (3.3d) 
R^  = .9924 MSE = 962.7255 
- _ - - r t /T t \ X9UUUa.UU J V^ UO-JLLl — J.UU tvg/ 
t = 1564.3474(R) - 388.1330(R^ ) (3.3s) 
(32.1597) (38.1129) 
R^  = .9934 MSE = 1322.6355 
with the estimated standard error of the estimated regression coefficients 
3 (S.E.(b^ ) indicated in parentheses below the relevant coefficient. 
S.E.(b.) is computed as the square root of the estimated variance 
of b_. where ^ the estimated variance of b^  is as shown in Chapter II and 
b.  ^estimates B.. 
1 1 
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Obviously, none of the instrumental variable equations include an 
intercept term, since if zero percent silage is in the ration then silage 
consumption must be zero as well. Also, all estimated regression coef-
4 ficients are significant at, at least, the .01 level and each equation 
2 
exhibits a high R , indicating that the instrumental variable equations 
in (3.3a) through (3.3e) will work satisfactorily. 
The estiodted isoquant functions 
With these instrumental variable equations to deal with errors in 
variables, only the actual isoquant estimation remains. The first step 
in this estimation is the specification of the functional form of (3.2) 
to actually be estimated. And, as with a production function, this is 
someiAat a trial-and-error process. 
Linear Initially, at least, it is reasonable to assume a linear 
relationship between C and S. Such a linear isoquant would indicate no 
interaction between C and S in beef production, and is, thus, consistent 
with NRG [46] energy values which also make no allowance for possible 
i.nteractions between feeds. The basic form cf the function, tc be esti­
mated for each isoquant is thus expressed as 
C = + j3^ S (3.4) 
where: 
Significance of the estimated regression coefficients refers to a 
test of the hypothesis = 0 against the alternative K^ :  ^0 usin 
a students t test for u /o t? ru \ t = b^ /S.E.(b.) 
with (n-k) degrees of freedom. S^ignificance level is the level at 
which H can be rejected when the computed t value is compared to tables 
of the c distribution [53j. 
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C = a 1X12 vector observed concentrate consumption in kilograms 
dry matter for an isoquant; 
/3g = the regression coefficient for the intercept to be estimated by 
= the regression coefficient for S to be estimated by b^ ; and 
S = a 1X12 vector of silage consumption. 
Because S is measured with error, the actual estimation of /3^  and 
is made by regressing C not on S but on the predicted corn silage 
consumption from the instrumental variable equations (3.3a) through (3.3e). 
The properties of this procedure have been discussed previously so there 
is little point in repeating them, with one exception. When C is regressed 
on the residuals and thus, MSEs, are correct for 'S", but not for S, the 
observed corn silage consumption. The appropriate residuals must be 
directly computed by 
e = C - C (3.5) 
6=0-* (b^ "t" b,S) 
where: 
s = the estimated residuals; 
bp = the estimated intercept, 
b^  = the estimated regression coefficient from regressing C on S 
in the instrumental variable approach; and 
C and S are as previously defined. 
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These directly computed residuals must be used to compute the various 
measures of accuracy for (3.4), including SSE, MSE, V(b), and R^ , 
since each of these terms involves an expression of the form (ee'). 
The linear isoquants, estimated by GLS regression, and appropriate 
measures of accuracy are as follows: 
Isoquant 1 (Gain = 50 kg) 
C = 348.3208 - 1.13615(3) (3.6a) 
(13.5925) (.06944) 
= .9632 MSE = 596.9583 
Isoquant 2 (Gain = 80 kg) 
C = 553.5889 - 1.00067(8) (3.6b) 
(16.3810) (.04801) 
= .9773 MSE = 927.0704 
Isoquant 3 (Gain = 105 kg) 
/\ 
C = 816.5463 - 1.06971(S) (3.6c) 
(25.7450) (.05397) 
•MOT? — 097S 
Isoquant 4 (Gain = 135 kg) 
C = 1056.9292 - 1.09494(S) (3.6d) 
(35.9332) (.05941) 
= .9708 MSE = 4368.6978 
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Isoquant 5 (Gain =160 kg) 
C = 1294.3054 - 1.07219(8) (3.6e) 
(42.9298) (.05698) 
= .9724 MSE = 6250.063 
As with the instrumental variable equations previously estimated, 
2 
these estimated isoquants are presented with their R , MSE, and S.E. (b). 
Also, as with the instrumental variable equations, all estimated regress-
sion coefficients are significant at, at least, the .01 level. These 
estimated isoquants, depicted graphically in Figure 3, not only have high 
2 
R s, but are very close to parallel, which would obviously be the case for 
the true isoquants. Hence, the equations appear to be a reasonably 
accurate representation of the true isoquants. 
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Figure 3. The estimated linear isoquants with actual observation points 
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Quadratic From this starting point, the concern must now be 
shifted to whether or not there is a better representation of the iso­
quants. The next obvious step is to drop the assumption that there is 
no interaction between concentrate and corn silage and respecify the 
model of an isoquant as 
c = (3.7) 
The isoquant specified by (3.7) would indicate that the level of 
concentrate required for a fixed level of gain changes, but at a changing 
rate, as the level of corn silage is varied. This, of course, means that 
there is some interaction between C and S, and as such, is consistent with 
recent studies by Byers, Matsushima and Johnson [6, 7] and Cole, Johnson 
and Owens [l4], as well as others [50, 51, 64]. 
Following the same procedure and format as for the linear isoquants, 
the quadratic isoquants are estimated as follows: 
Isoquant 1 (Gain = 50 kg) 
C = 337.5023 - .85184(8) - .00816(8^ ) (3.8a) 
(16.4135) (.25318) (.000816) 
= .9671 MSE = 587.15399 
Isoquant 2 (Gain = 80 kg) 
"C = 554.7315 - .75597(5) - .000455(5^ ) (3.5b) 
(18.1025) (.15526) (.000287) 
= .9835 MSE = 740.5442 
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Isoquant 3 (Gain = 105 kg) 
Û = 797.2112 - .85406(8) - .000265(8^ ) (3.8c) 
(31.7422) (.19608) (.000265) 
= .9770 MSE = 2254.3742 
Isoquant 4 (Gain = 135 kg) 
C = 1032.5515 - .89613(8) - .000220(8^ ) (3.8d) 
(44.7606) (.21885) (.000220) 
= ,9728 MSE = 4507.5436 
Isoquant 5 (Gain = 160 kg) 
C = 1275.6096 - .95180(8) - .000110(8^ ) (3.8e) 
(53.9672) (.20969) (.000176) 
R^  = .9738 MSE = 6538.7333 
Examination of these estimated isoquants, either mathematically or 
graphically, as shown in Figure 4, indicates that they are concave with 
respect to the origin, or that there is an associative effect between C 
and 8. In other words, as silage use increases concentrate requirements 
to reach a given level of gain fall, and at an increasing (negative) 
rate. Mathematically, this phenomenon is represented by the fact that 
both the first and second partial derivation of C with respect to 8 are 
less than zero. 
Obviously, this is an unusual property to discover. While it is, 
at least in part, consistent with results found by Brokken [3] it is dif­
ficult to believe that such a condition holds over the entire range of 
the isoquant. If it did hold over all levels of S and C, it would imply 
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a feed savings could be attained at each level of gain by simply reducing 
one ingredient, either C or S, to the limit. Carrying this argument to 
an extreme would mean that rations should all be either all S or all C 
and that years of costly waste have occurred in mixing rations to inter­
mediate levels. 
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Figure 4. The estimated quadratic isoquants with actual observation 
points 
Statistically, the quadratic isoquants are also subject to question. 
Not only is the significance level of each estimated regression coefficient 
2 
reduced by the inclusion of the S term, but in three of the five isoquants, 
(3.8c), (3.8d), and (3.Be), the MSE increases over the MSB of the corres­
ponding linear isoquants. In general, these statistical properties, vrtien 
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coupled with the noted incompatibility with reality, cause the quadratic 
representation to be less preferred for this data than the linear. 
Although the quadratic representation is less preferred than the 
linear, the quadratic isoquants cannot be disregarded altogether. Not 
only do they seem to have some affinity with previously published results, 
but in the cases of (3.8a) and (3.8b), the MSE was reduced from the 
corresponding linear isoquants. Neither of these aspects can simply be 
dismissed. They indicate quite strongly that the isoquants may be non­
linear, but that the quadratic may not be the appropriate nonlinear 
representation. 
Cubic One reason for less than satisfactory results with the 
quadratic isoquants may be that the second partial derivative of C with 
respect to S is a constant, Zbg, for each isoquant. Hypothetically, it 
is possible that different concentrations of silage in the ration have 
differential effects on the substitutability of silage for concentrate. 
If indeed this is the case, the second partial derivative of C with 
respect to S would not be constant over the entire range as suggested by 
the quadratic representation, but would instead vary with S. A simple 
model which exhibits this property is a cubic, written as 
c = /3q + ^/s) + + /3g(s^) (3.9) 
Following the same estimation procedure »« in the two previous 
cases, the estimated isoquant functions are as follows; 
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Isoquant 1 (Gain = 50 kg) 
- 1.28394(5) + .00309(3^ ) • 
(16.3855) (.55192) (.00472) (.0000097) 
C = 341.5902 5 - .0000097(8^ ) (3.10a) 
= .9699 MSE = 542.5410 
Isoquant 2 (Gain = 80 kg) 
C = 538.6111 - .92737(5) + .00049(8^ ) - .0000015(8^ ) (3.10b) 
(18.8047) (.11526) (.00159) (.0000019) 
= .9859 MSE = 717.1106 
Isoquant 3 (Gain = 105 kg) 
• 1.12545(8) + .00066(8^ ) -
(31.9402) (.42131) (.00143) (.00000145) 
C = 804.0226 -  .00000097(8^ ) (3.10c) 
MSE = 2075.0634 
Isoquant 4 (Gain = 135 kg) 
- 1.25615(8) + .000838(8^ ) 
(55.7308) (.58364) (.001565) (.00000097) 
8 = 1044.5132 - .00000097(8^ ) (3.10d) 
R^  = .9662 MSE = 6308.3589 
Isoquant 5 (Gain = 160 kg) 
C = 1289.8250 - 1.28096(8) + .00066(5^ ) - .0000005(8^ ) (3.10e) 
(54.4050) (.45023) (.00095) (.0000005) 
R^  = .9787 Î18E = 6024.0384 
These cubic isoquants are sigmoid in shape rather than either linear 
or strictly concave as with the linear and quadratic isoquants. Also, 
with the exception of (3.10d), the MSE of each isoquant is reduced by the 
3 inclusion of the S term. Both of these conditions support the hypothesis 
behind the cubic model. 
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The problem, however, arises from the relatively small magnitude 
3 
of the regression coefficients associated with the S term, coupled with 
a general lack of significance of this term. These two aspects make it 
virtually impossible to distinguish the value of this coefficient from 
zero. Assuming that the general reduction in MSE associated with the 
sigmoid-shaped isoquants is an indication of its propriety, the problem 
is one of specifying an alternative to the cubic model which produces 
isoquants of the same general shape as a cubic. 
Grafted quadratics A powerful methodology for just such 
situations is the grafted polynomial approach. As noted previously, this 
methodology allows even the most complex of functions to be approximated 
3 
as a series of quadratic segments, thus eliminating the S term from the 
estimation. A grafted polynomial model of the sigmoid isoquant is then 
represented in general form as 
C = + /3^ S)+ (^S^ ) for S 3 K (3.11) 
and 
u = Pg T ; ror o ^  n j 
subject to the constraints that at K, some constant, (3.11) equals (3.11') 
and that the first derivatives with respect to S, evaluated at K, are 
also equal. 
Obviously, specificacion of the model in this manner alters so=ie 
of the properties of the isoquants estimated by the cubic model. Most 
predominant of these is the fact that in the cubic representation, the 
second partial derivative of C with respect to S is continuous. This 
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means simply that the change in substitutability varies continuously as 
silage consumption varies. In the grafted approach, this is not the case. 
Instead, the change in substitutability is constant within segments but 
may differ across segments depending on the values of and Only 
when is equal to will this change in substitutability be constant 
over the entire range as in the quadratic representation. To accept the 
grafted polynomial model, one must therefore be willing to accept the 
hypothesis that changes in the substitutability of silage for concentrate 
are discrete changes, depending on the level of silage consumption. 
This hypothesis is easily justified if discrete changes are thought 
of in terms of either saturation or threshold characteristics. In either 
of these cases, an animal's performance is constant and predictable up 
to a certain level, either the saturation point or the threshold level. 
After this point, the performance is drastically different than before 
and may continue in a new constant manner or become irratic. Assuming 
that silage consumption exhibits the same properties as a threshold 
characteristic in producing weight gain, the grafted polynomial method 
can be used quite effectively to estimate the isoquant where the threshold 
level is K. 
The specification of the GLS regression model for a grafted polynomial 
requires two steps. First, the grafting point, K, must be specified for 
each Isoquant, and second; the two quadraticç. (3.11) and (3.11'). and 
the linear constraints on (3.11) and (3.11') must be combined into a 
single equation. 
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To specify K it is simply assumed that the two quadratics would 
join at the inflextion point of the cubic isoquant previously estimated. 
Hence, a value of K is determined by simply solving the expression 
2-% = 2fL + 6p_(S) = 0 (3.12) 
for each of the estimated cubic isoquants (3.10a) through (3.10e). 
To combine (3.11) and (3.11') with their constraints, a new variable 
is defined as 
if S s K 
z = < 2 
(S - K) if S 2 K 
If the GLS regression equation is expressed as 
c = 7^  + y^ S)+ y^ (sh+y^ (.z) (3.13) 
where the original regression coefficients, the /3s, are defined as follows; 
"o ° 
P i  - f r  
2^ = T;: 
S3 = + y/; 
jS^  = - ZTgK; and 
Gr = 7. + ?.. 
J i o 
It is easily verified that (3.13) will accomplish the desired 
estimation. For example, evaluation of (3.13) when S = K yields 
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C . gq + /3j(K) + + VjCO) (3.14) 
= #0 + /îj(K) + 
Alternatively, solving terms involving 7^  terms of through and 
again solving for S = K in (3.13) yields 
C = #0 + /3^ (K) + j8g(K^ ) + YgCS^  - 2SK + f ) (3.15) 
=  ^+ ^ l(K) + ^ (^K^ ) + (gg - gg) + (/3^  - Pi)(K) 
+ (^ 5 + ^ g)(K^ ) 
= #3 + ^ (^K) + gg(K^ ) 
Equating (3.14) to (3.15) shows that the condition that (3.11) equals 
(3.11') at K is satisfied by (3.13). Obviously, by the same procedure, 
the constraint concerning the first partial derivatives of (3.11) and 
(3.11') also holds in (3.13). Thus, to obtain estimates of the grafted 
polynomial isoquants, it is only necessary to use the GLS regression pro­
cedure to estimate the Ys in (3.13) and solve for the bs using the defined 
relationships between P and Y. 
The grafted polynomial isoquants thus estimated are as follows: 
Isoquant 1 (Gain = 50 kg) 
C = 342.4335 - 1.35613(5) + .00265(8^ ) S < 111.13 (3.16a) 
(15.8282) (.54130) (.03571) 
and 
U = 278.4488 - .20463(8) - .00255(5^ ) 5 a 111.13 (3.16â') 
(59.2534) (.67025) (.03558) 
= .9753 MSE = 501.21396 
72 
and 
Isoqtiant 2 (Gain = 80 kg) 
6^  = 541.5478 - 1.27564(5) + .00236(3^ ) S ^  129.28 (3.16b) 
(17.1530) (.4989) (.00254) 
C = 486.6504 - .42634(9) - ,00093(8^ ) S ^  129.28 (3.16b') 
(45.5083) (.30253) (.00032) 
= .9885 MSE = 588.4489 
Isoquant 3 (Gain = 105 kg) 
- 1.16291(3) + .00057(! 
(32.3394) (.4522) (.00123) 
C" = 804.9687 - 8^ ) S s 265.36 (3.16c) 
and 
C = 721.1422 - .5311(3) - .000617(3^ ) S 2: 265.36 (3.16c') 
(109.7529) (.50043) (.00053) 
= .9812) M3E = 2093.1925 
Isoquant 4 (Gain = 135 kg) 
- 1.31161(3) + . 00075 (Î 
(43.8515) (.48831) (.00104) 
C = 1046.1784 8^ ) 3 s 333.40 (3.16d) 
and 
C = 896.69933 - .41491(5) - .0UÛ595(S^ ) S a 333.40 (S.Xod') 
(150.5982) (.55467) (.000438) 
R" = .9794 M3E = 3847.9924 
Isoquant 5 (Gain = 160 kg) 
- 1.25334(3) 4- .000375(5 
(51.9709) (.38846) (.000573) 
C = 1291.0766 75(5^ ) S < 523.91 (3.16e) 
and 
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û = 1064.1830 - .39864(8) - .000441(8^) S a 523.91 (3.16e') 
(241.9305) (.66341) (.000431) 
= .9808 MSE = 5440.3907 
Because of their different functional form, it is difficult to compare 
these isoquants to the previously estimated linear, quadratic, and cubic 
isoquants. It is, however, possible to see that without exception the 
grafted quadratics (3.16a) through (3.16e) result in lower MSEs. It is 
also easy to see from Figure 5 that these isoquants are sigmoid; being 
convex with respect to the origin in the region 0 s S s K and concave 
with respect to the origin in the region of S > K. This is especially 
important when one considers that to a large degree each segment of the 
isoquant functions independently of the other segment. 
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Figure 5. The estimated grafted quadratic isoquants with actual 
observation points 
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Obviously, given enough degrees of freedom, the researcher could 
proceed forever in this circle of specifying a model, estimating it, 
examining the results, and respecifying a new model. At some point, 
therefore, the researcher must simply stop the estimation and proceed 
with other analyses. He must concede that a model is not the true produc­
tion process but only an approximation which is sufficiently close to the 
true process to accomplish the desired analyses with limited errors. 
In the case of estimating these gain isoquants, the grafted 
quadratic is the end of the circle. This representation of the isoquants 
2 
may not be exactly correct, but high R s and relatively low MSEs lead to 
the belief that it represents a good approximation. This representation 
cannot, however, be accepted on the basis of relatively low MSEs alone. 
Some attention must also be given to the significance levels of the esti­
mated regression coefficients. 
While the two estimated intercept terms, b^  and b^ , are significant 
at the .01 level in each isoquant and the first linear term, the b^ , is 
significant at the .05 level, the other estimated regression coefficients 
are generally nonsignificant at the .10 level. Examination of the quadrat 
and cubic estimations yields approximately the same result, with signifi­
cant estimates of only the intercept and linear terms in general. 
The fact that nonlinear terms in the estimation of the isoquants 
fail to yield acceptably significant estimates might initially lead to 
the conclusion that the isoquants are indeed linear. This conclusion, 
however, seems inconsistent with the reduction in MSB noted previously 
in the grafted quadratic estimation. Because the inclusion of the 
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2 
nonlinear terms reduces MSB, increases R and is consistent with 
biological findings previously cited this nonsignificance does not cause 
the model to be rejected. 
An Economic Analysis cf the 
Estimated Isoquants 
The next logical step is the integration of these estimated 
isoquants into a producer's decision process. And, as long as the pro­
ducer must participate in the various markets to purchase his inputs and 
to sell his finished steers, the economic theory of the firm provides an 
appropriate basis for the analysis. 
As shown in Chapter II, the implementation of such an economic 
analysis requires not only utilization of the estimated isoquants or pro­
duction process and the market prices for inputs and outputs, but also 
the specification of the producer's objective. It is at this point that 
problems can arise, for hypothetically, there can be as many different 
objectives as there are different producers. Obviously, no one can hope 
to fully analyze beef feeding under all possible objectives, so a limited 
number of objectives must be selected for analysis. This is not to imply 
that, becuase only a limited number of objectives are considered, con­
clusions on an industry level are impossible to obtain. Instead, if the 
objectives selected for analysis are a reasonably accurate representa­
tion of the objectives in existence in the industry, even in broad terms, 
then industry implications can be made. 
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Maximizing the rate of gain 
Many times the specification of an objective can be difficult, but 
in beef feeding one objective comes to mind almost immediately. Follow­
ing years of recommendations by animal scientists, it is reasonable to 
believe that many producers feed their animals so as to achieve the greatest 
rate of gain. Or, in other words, their objective is the maximization of 
the rate of gain. 
Mathematically, this objective may be expressed as 
Max Z = -g- (3.18) 
where: 
Z = the rate of gain, or average daily gain to be maximized; 
G = total kilograms of gain while on test; and 
D = total number of days on feed. 
In terms of an isoquant analysis G is fixed at 160 kg in this analysis. 
Initially, this may seem somewhat unrealistic, but in reality USDA grading 
standards and market conditions generally have the effect of fixing gain 
to at least some degree. 
With G fixed, it is obvious that minimizing D is exactly equivalent 
to maximizing Z. Furthermore, D can be defined as the sum of the days 
required for an animal to complete each of the weight intervals between 
the previously defined isoquants. The objective function may then be 
rewritten as 
5 
Min D =  ^D (3.19) 
J ^ 
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where is the number of days required for an animal to complete the 
ith weight interval. It is also obvious that if the number of days in 
each weight interval is minimized, then the total number of days is 
minimized. Following this idea, the number of days in each weight inter­
val is estimated as a function of the silage proportion in the racion 
(R) as follows: 
Weight Interval I (320 to 370 kg) 
D = 48.86508 - 53.71693(R) + 112.10317(R^ ) - 71.75926(R^ ) (3.20a) 
(2.54385) (24.70603) (61.39000) (40.75926) 
R^  = .6294 MSB = 13.47718 
Weight Interval II (370 to 400 kg) 
D^= 30.22619 - 48.22421(R) + 115.02976(R^) - 65.97222(R^) (3.20b) 
(1.58095) (15.35425) (38.15252) (25.05144) 
R^  = .6821 MSB = 5.20536 
Weight Interval III (400 to 425 kg) 
D = 30.75000 - 29.13690(R) + 64.73214(R^ ) - 41.66667(R^ ) (3.20c) 
(1.35774) (13.18647) (32.76599) (21.51457) 
= .5543 
Weight; Interval IV (425 to 455 kg) 
D = 34.13095 - 52.84722(R) + 117.55952(R^ ) - 74.65278(R^ ) (3.20d) 
(2.43013) (23.60153) (58.64552) (38.50741) 
R^  = .5198 MSB = 12.29911 
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Wei^ t Interval V (455 to 480 kg) 
D = 30.90476 - 57.30159(R) + 136.01190(R^ ) - 86.80556(R^ ) (3.20e) 
(1.48589) (14.43105) (35.85854) (23.54519) 
= .7055 MSE = 4.59821 
Clearly, (3.20a) through (3.20e) are not in exactly the same form 
as the previously estimated isoquants. Whereas the isoquants relate 
cumulative feed consumptions for a given level of gain, the estimated 
functions for time on feed express within-interval requirements only. 
However, because R is fixed experimentally and does not vary with the 
weight interval, an expression for the number of days required to reach 
any isoquant can be found by simply summing the appropriate functions of 
(3.20a) through (3.20e). For example, the number of days required to 
reach the second isoquant of 80 kg gain is found by simply summing (3.20a) 
and (3.20b), These time on feed functions corresponding to the isoquants 
previously estimated are then shown graphically in Figure 6. 
To minimize (3.20a) through (3.20e), the first partial derivative 
of each function with respect to R is found, set equal to zero, and solved 
for R. Solving for R^ , the ouLimal level of R for ths ith vcight interval, 
results in the solution of a quadratic, producing two roots; one which 
maximizes D. and ens which minimizes D.. The desired solution is the 
1 1 
minimization of or the root which satisfies the condition that 
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In this manner, the proportion of silage in a ration which will maximize 
the rate of gain in each weight interval, and thus, overall, is obtained. 
Furthermore, it is assumed that weighing errors and other practical 
aspects of feeding make it impossible for rations to be delineated in 
finer than one percent intervals. Hence, because R can be defined as 
the percent of corn silage divided by 100, it is appropriate to round­
off R. to only two decimal places. Following the same reasoning, the 
optimal number of days on feed is rounded-off to full days, meaning that 
on any day the animal is assumed to either be on feed or not, with no 
partial days on feed. 
200 
160kg 
150 
=135kg 
I 
C o 
=80 kg a 
Ga!n=5Q kg 
0.0 0.2 0.4 0.6 LO 0.8 
Silage Proportion in Ration 
Figure 6 ,  The estimated time on feed requirements as a function of 
silage proportion with actual observation points 
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Often, it is sufficient to know the proportion of an ingredient 
which maximizes gain, especially if animals are to be fed ad-lib. In 
other cases, however, it is important to know the absolute consump­
tion of an ingredient as well. To obtain this information, the isoquants 
(3.16a) through (3.16e) are reestimated, sequentially dropping the lowest 
prior isoquant. In other words, it is assumed that weight intervals are 
independent, and that as an animal reaches each isoquant only the re­
maining, higher isoquants are relevant. For instance, an animal of 320 
kg faces the five isoquants previously estimated. When this animal has 
gained 50 kg to a weight of 370 kg, he now faces only four isoquants--
30 kg, 55 kg, 85 kg, and 110 kg. This continues until the animal weighs 
455 kg, at which time he faces only one isoquant of 25 kg. In this manner, 
the lowest isoquant from the previous set of isoquants is sequentially 
dropped. This procedure is quite well-illustrated by comparing Figure 
5 with Figures 7 through 10 which show the isoquants remaining at each 
weight interval. 
Mathematically, it has the effect of making only the lowest isoquant 
relevant for each weight interval, allowing che produccion process co be 
represented by weight intervals comparable to the time on feed estlssates, 
(3,20a) through (3,20e), The functions estimated tc describe this process 
are expressed as follows: 
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Figure 7, The estimated grafted quadratic isoquants remaining for a 
steer weighing 370 kg. with actual observation points 
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Figure 8. The estimated grafted quadratic isoquants remaining for a 
steer weighing 400 kg. with actual observation points 
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Figure 9. The estimated grafted quadratic isoquants remaining for a 
steer weighing 425 kg. with actual observation points 
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Figure 10. The estimated grafted quadratic isoquants remaining for a 
steer weighing 455 kg. with actual observation points 
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Weight Interval I (320 to 370 kg) 
3349 - 1.35614(8) + . 00265 (! 
(15.82818) (.54130) (.03571) 
C = 342.4 8^ ) S ^  111.13 (3.22a) 
and 
C = 278.44882 - .20463(8) + .00253(8^ ) 8 s 111.13 (3.22a') 
(59.25336) (.67025) (.03558) 
= .9753 M8E = 501.21396 
Weight Interval II (370 to 400 kg) 
568 - .82845(8) + .00077(2 
(17.96909) (.83735) (.00750) 
'C = 200.70 (8^ ) 8 ^  77.11 (3.22b) 
and 
 ^= 190.34947 - .55985(8) - .00097(8^ ) 8 s 77.11 (3.22b') 
(51.84252) (.76599) (.00249) 
= .9109 MSE = 648.07500 
Weight Interval III (400 to 425 kg) 
9586 - 1.32973(8) + .002337 
(22.09876) (1.18038) (.01202) 
C = 265.1 (8^  S ^  70.31 (3.22c) 
and 
C = 241.00272 - .64153(8) + .002557(8^ ) 8 S 70.31 (3.22c') 
(74.81967)(1.24125) (.00462) 
R' = .9213 MSE = 976.7875 
Weight Interval IV (425 to 455 kg) 
& = 242.71876 - 1.70612(8) + .00582(8^ ) 8 ^  88.45 (3.22d) 
(16.70134) (.74852) (.00653) 
and 
C -
(81.74424)(1.33332) (.00499) 
 149.40571 -I- .40378(8) - .006107(5^ ) S > 88.45 (3.22d') 
= .9428 MSE = 559.8725 
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Weight Interval V (455 to 480 kg) 
C = 246.85897 - 1.34590(3) + .00201(3^ ) S s 142.88 (3.22e) 
(17.61495) (.50919) (.00296) 
and 
= .9363 
These weight interval functions, estimated in the same manner as the 
isoquants, and shown with the same statistics, are in general not quite 
as good as the corresponding isoquants. There is a slight drop in the 
2 R and significance of the estimated regression coefficients for all 
functions except the first weight interval, (3.22a), which is, of course, 
identical to its corresponding isoquant, (3.16a), The decline in accuracy 
is not severe enough to cause concern, however, and these functions may 
be used to estimate within interval consumptions. 
It is now possible to combine (3.22a) through (3.22e) with the 
appropriate level of R^  which minimizes D. from (3.20a) through (3.22e) 
by realizing that the proportion of silage in a ration can be expressed as 
It is then possible to solve for 3. by substituting the appropriate 
and the ith weight interval's equation for C, into (3.23). When this is 
done, the rations which maximize the rate of gain, by weight intervals and 
for the overall feeding period, are found as shown in Table 8. 
Obviously, this ration is invariant with respect to typical economic 
variables5, such as price. It is probably this point that has become the 
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greatest source of criticism to maximizing the rate of gain. While the 
ration does not vary with prices, a producer's costs and profits do. To 
illustrate this, a producer's profit per animal is defined as 
x> fT.rr \ 
= PgCG) - z [PsCsp + Pc(Ci) + Pa(Di)] 
Table 8. Rations, consumption levels and time on feed per animal to 
maximize the rate of gain by weight intervals and overall 
Weight Interval Ration 
(R) 
Days on 
Feed 
Silage 
(kg DM) 
Concentrate 
(kg DM) 
I (320 to 370 kg) .37 41 125.12 213.16 
II (370 to 400 kg) .27 24 57.49 155.62 
III (400 to 425 kg) .33 27 83.48 169.61 
IV (425 to 455 kg) .33 27 73.30 148.93 
V (455 to 480 kg) .29 23 67.47 165.23 
Overall (320 to 480 kg) .323 142 406.86 852.55 
profit per animal: 
price per kilogram for choice slaughter steers; 
price per kilogram for choice feeder steers; 
weight in kilograms of a choice slaughter steer; 
weight in kilograms of a choice feeder steer; 
where: 
TT = 
"CH 
P_ 
WT 
CH 
WT„ = 
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Pg = price per kilogram for weight gain; 
G = weight gain in kilograms; 
Pg = price of corn silage per kilogram of dry matter; 
Pg = price of concentrate per kilogram of dry matter; 
Pj = cost pèr day while an animal is on feed; 
= kilograms of corn silage dry matter consumed in the ith weight 
interval; 
= kilograms of concentrate dry matter consumed in the ith weight 
interval; and 
= number of days on feed in the ith weight interval. 
Obviously, in the analysis of the isoquants, WT^ g, and G are 
fixed at 480, 320 and 160 kg, respectively. Furthermore, for simplicity, 
it is assumed that all prices except Pg are also fixed as follows: 
= $.44 per pound = $.9700 per kilogram, 
P = $.405 per pound = $.8925 per kilogram, 
r 
Pg = $.510 per pound = $1.125 per kilogram, 
Pg = $.118 per kilogram dry matter, and 
Pj = $.20 per day. 
P„„ and P^  are simply projections of 1977 prices based on average lowa-
Vjn r 
Southern Minnesota prices during the previous three years [5j. is 
then computed from these prices and the fixed levels of WT , WT_, and G 
CH. r 
by the equation 
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Concentrate price, P^ , is computed from a corn grain price of $2.50 
per bushel for corn of 89 percent dry matter, weighing 54 pounds per 
bushel, and alfalfa meal of 93 percent dry matter priced at $105.00 per 
ton. Pç, is then simply the sum of the price per kilogram dry matter of 
these feeds when each is weighted by its relative contribution to a kilo­
gram of concentrate; 66 and 34 percent, respectively, P^  is set at 
$.20 per day to cover $.14 per day for .8 kg dry matter of protein sup­
plement and $.06 per day for electricity, petroleum, salt and minerals, 
and credit costs on the purchased steers at 8 percent per year [39]. 
By fixing all prices except Pg, price change effects are analyzed 
in terms of relative price changes as corn silage price changes. Obviously, 
these price effects might be more easily interpreted if Pg were fixed 
and changes were analyzed through changes in corn grain price. But, 
because corn silage is not heavily marketed, determining the proper level 
at which to fix Pg is nearly impossible. Hence, it is justified to fix 
Pg and vary Pg over a wide range of prices to obtain the desired price 
effects. To this end, corn silage price is varied from $20 per ton to 
$80 per ton for corn silage of 37.5 percent dry matter in $5 per ton 
increments. 
Under this parameterization of corn silage prices there are 13 
possible price situations generated, A summary of the cost and profit 
effects, by weight interval and for the overall feeding period under 
three selected corn silage prices is shown in Table 9, 'While only the 
effects of three corn silage prices ($25, $50 and $75 per ton) are pre­
sented here, a summary of ail 13 price situations appears in Appendix A, 
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Table 9. Summary of optimal rations for selected com silage prices 
by weight interval and overall under a maximum rate of gain 
objective 
Com Silage Price Per Ton 
$25 $50 $75 
Weight Interval I (320 to 370 kg) 
Ration (R) 
Days on feed 
Silage (kg DM) 
Concentrate (kg DM) 
Cost/Animal 
Weight Interval II (370 to 400 kg) 
Ration (R) 
Days on feed 
Silage (kg DM) 
Concentrate (kg DM) 
Cost/Animal 
Weight Inverval III (400 to 425 kg) 
Ration (R) 
Days on feed 
Silage (kg DM) 
Concentrate (kg DM) 
Cost/Animal 
Weight Interval IV (425 to 455 kg) 
Rati Oil (R) 
Days on feed 
Silage (kg DM) 
Concentrate (kg DM) 
Cost/Aniaal 
Weight Interval V (455 to 480 kg) 
Ration (R) 
Days oii feed 
Silage (kg DM) 
Concentrate (kg DM) 
Cost/Animal 
.37 .37 .37 
41 41 41 
125.12 125.12 125.12 
213.16 213.16 213.16 
42.55 51.74 60.94 
.27 .27 .27 
24 24 24 
57.49 57.49 57.49 
155.62 155.62 155.62 
27.39 31.61 35.84 
.33 .33 .33 
27 27 27 
83.48 83.48 83.48 
169.61 169.61 169.61 
31.55 37.68 43.82 
.33 .33 .32 
27 27 27 
73.30 73.30 73.30 
148.93 148.93 148.93 
28.36 33.75 39.13 
.29 .29 .29 
23 23 23 
67.47 67.47 67.47 
165.23 165.23 165.23 
29.05 34.01 38.97 
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Table 9. (continued) 
Corn Silage Price Per Ton 
$25 $50 $75 
Overall (320 to 480 kg)^  
Average ration 
Days on feed 
Silage (kg DM) 
Concentrate (kg DM) 
Cost/Animal 
.323 
142 
406.86 
852.55 
158.89 
.323 
142 
406.86 
852.55 
188.80 
.323 
142 
406.86 
852.55 
218.70 
Profit/Animal 21.11 -8.80 -38.70 
Price Ratio (DM)^  .6226 1.2455 1.8684 
Individual weight interval consumption and costs may not sum to 
overall totals due to rounding differences. 
T^he dry matter price ratio is the price of corn silage per kilo­
gram dry matter divided by the price of a kilogram of concentrate dry 
matter, £s . 
P 
c 
Table 9 makes painfully clear the point that under an objective 
requiring the maximization of the rate of gain, the optimal ration is 
fixed but costs are not. In fact, the producer's costs will increase 
linearly with the price of silage at a rate of almost $1.20 per animal 
for every $1,00 increase in corn silage price per ton. Hence, for any 
corn silage price above approximately $42.60 per ton the producer loses 
money on every animal fed. Similarly, if P^  were to be fixed at $25 per 
ton and all other prices except corn grain remained at their previously 
specified levels, then a corn grain price of only $3.32 per bushel would 
dissipate all profits per animal. 
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Based on the grain prices in evidence following 1973, it is easy to 
see why producers that maximized the per animal rate of gain might have 
found bankruptcy a preferable alternative to continued losses with corn 
grain prices of $3.60 per bushel. It is also clear that the simple ob­
jective of maximizing the rate of gain per animal can be far less than 
satisfactory because it allows no adjustment in the ration due to feed 
prices. 
Least-cost rations 
An alternative objective which does allow for ration changes as feed 
prices change, and is only slightly more complicated, involves obtaining 
a least-cost ration. This principle has become widely accepted in the 
industry for these very reasons, and is quickly replacing the maximum 
rate of gain objective as the standard of the industry. 
For the problem currently under consideration, a least-cost ration 
objective may be stated as the ration which minimizes the sum of corn 
silage and concentrate costs in each weight interval, and thus, for the 
overall feeding period. Mathematically, this objective can be stated as 
where Z is the cost of feeds to be minimized, and all other variables are 
as previously defined. 
Because has been estimated as a function of in (3.22a) through 
(3.22c), it is only necessary to solve for the optimal corn silage con­
sumption in each weight interval to define the least-cost ration. This 
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is accomplished by equating the first derivative of Z with respect to 
each to zero and solving for S^ , such that 
i = 1, 2, ... 5 (3.27) 
Of course, this solution set of is subject to typical second-order 
conditions for a minimum that for > 0, must satisfy the condition 
that 
d^ 2 
dS.' 
1 
> 0 i = 1, 2, 3, ... 5 (3.28) 
Rewriting (3.27), the expression 
ÔCi 
i = 1, 2, . (3.29) 
may be obtained for the solution of the optimal S.. It should be noted 
that this is very similar to (2.42), the factor-factor condition for a 
(3.29) defines factor-factor conditions for a profit maximizing firm with 
only two inputs, C. and S.. In this respect, there is a much sounder 
economic basis for using least-cost rationing as the objective than for 
maximizing the rate of gain. 
The effects of this objective are analyzed in terms of previously 
specified profit function and prices, with all prices presented in 
Appendix A, and the results of the three selected prices summarized in 
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Table 10. For purposes of comparison, previous assumptions about full 
days on feed and ration proportions are also continued for these results. 
Examination of Table 10 shows, as expected, that the optimal ration 
shifts as relative feed prices change. Specifically, as corn silage 
price increases, the proportion of silage in the ration falls. In this 
manner, the producer is able to avoid portions of the corn silage price 
increases by using less silage and more concentrate. At one extreme, 
corresponding to $25 per ton for silage, the optimal least-cost ration 
is all silage. At the other extreme, it is all concentrate. In between, 
various mixtures of silage and concentrate represent a least-cost ration. 
As the cost of grain increases relative to silage or the cost of 
silage falls relative to grain, such as during the post-1973 period of 
rapid grain price increases, the least-cost ration would call for in­
creases in silage utilization as indicated in moving from $75 per ton to 
$25 per ton. It was the inability of many producers to make this type 
of shift, due to specialized capital and other aspects of concentrate 
feeding, that forced the absorbtion of higher grain prices, negative 
profits, and even bciukx.uui.cy. 
One aspect of the least-cost ration objective is that it fails to 
recognize costs associated ^ ith time on feed. This Is exactly the opposite 
criticism as maximizing the rate of gain in which all emphasis is on the 
time on feed with no regard to feed cost. Under the least-cost ration 
approach, it is implicitly assumed that regardless of the per day cost, 
the producer does not adjust his ration to reduce an animals time on feed. 
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Table 10. Summary of optimal rations for selected corn silage prices 
by weight interval and overall under a least cost ration 
objactive 
Corn Silage Price Per Ton 
$25 $50 $75 
Weight Interval I (320 to 370 kg) 
Ration (R) 
Days on feed 
Silage (kg DM) 
Concentrate (kg DM) 
Cost/Animal 
Weight Interval II (370 to 400 kg) 
Ration (R) 
Days on feed 
Silage (kg DM) 
Concentrate (kg DM) 
Cost/Animal 
Weight Inverval III (400 to 425 kg) 
Ration (R) 
Days on feed 
Silage (kg DM) 
Concentrate (kg DM) 
Cost/Animal 
Weight Interval IV (425 to 455 kg) 
Ration (R) 
Days on feed 
Silage (kg DM) 
Concentrate (kg DM) 
Cost/Animal 
Weight Interval V (455 to 480 kg) 
Ration (R) 
Days oii feed 
Silage (kg DM) 
Concentrate (kg DM) 
Cost/Animal 
1.0 .06 0.0 
35 46 49 
293.50 20.12 0.0 
0.0 316.22 342.43 
28.56 49.47 50.16 
1.0 0.0 0.0 
31 30 . 30 
240.11 0.0 0.0 
0.0 200.71 200.71 
23.84 29.68 29.68 
1.0 1.0 0.0 
25 25 31 
206.12 206.12 0.0 
0.0 0.0 265.20 
20.14 35.29 37.49 
T. 0 . 18 0-0 
24 28 34 
192.87 40.26 0.0 
0.0 183.47 242.72 
18.97 33.17 35.44 
1.0 .10 0.0 
23 26 31 
243.80 23.94 0.0 
0.0 215.79 246.86 
22.51 34.18 35.33 
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Table 10. (continued) 
Corn Silage Price Per Ton 
$25 $50 $75 
Overall (320 to 480 kg)^  
Average ration 
Days on feed 
Silage (kg DM) 
Concentrate (kg DM) 
Cost/Animal 
1.0 
138 
1176.40 
0.0 
114.02 
.241 
155 
290.44 
916.19 
181.80 
0.0 
175 
0.0 
1297.92 
188.15 
Profit/Animal 65.98 -1.80 -8.15 
Price Ratio (DM)^  .6226 1.2455 1.8684 
I^ndividual weight interval consumption and costs may not sum to 
overall totals due to rounding differences. 
T^he dry matter price ratio is the price of corn silage per kilogram 
dry matter divided by the price of a kilogram of concentrate dry matter, 
• 
p 
c 
Minimizing the cost of feeding 
Most realistically, the producer is probably influenced to some 
O  ^  ^^   ^ <5  ^  ^ C ^  ^  A  ^ M A  ^  ^f  ^ «f L/JF L/W WJ. %ACkjr O VLt Cfc<>J.\A WL&O WW0 1> V/^ 
While the relative importance he attaches to each of these components of 
the feeding process is unknown, objectives can be specified which depend 
on each, such as minimizing the total cost of feeding subject to the 
weight gain constraints. In other words, a producer might minimize the 
total cost for an animal to complete each weight interval, and thus, 
minimize the total cost of producing a slaughter steer. Mathematically, 
this objective can be expressed as 
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Min Z = (3.30) 
where Z is the total cost of feeding, including per day cost, and all 
other variables are as previously defined. 
The parallels between this objective and a least cost ration are 
obvious. And, as with the least-cost ration, the profit maximizing 
marginal conditions for optimal factor-factor relationships must also 
hold for this objective. In fact, because the weight intervals and gain 
levels are fixed in this analysis, this objective is analogous to a 
standard, constrained cost minimization problem in the theory of the 
firm, and as such is consistent with profit maximization in general [36]. 
The normal method of solving constrained cost minimization problems 
similar to (3.30) for optimal levels of S, C, and D would be to equate 
the first partial derivative of Z with respect to each input to zero and 
simultaneously solve the resulting marginal equations. However, because 
is a function of S^ , and is a function of R^ , which is in turn a 
function of and from (3.23), an alternative might be the solution 
for 8^ only. îTrifo-rriinarpl T"?.? Î? rinr computationally simple as ic 
sounds. Equating the first derivative of Z with respect to S. to zero 
produces an expression of the form 
(3.31) 
i = 1, 2, — 5 
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when the assumptions of competition are employed. The researcher thus 
faces the choice of simultaneously solving three relatively simple equa­
tions for each weight interval or of solving one mathematically complex 
equation for each weight interval for each of the 13 price sets previously 
specified. It is in just such cases as this that the researcher can 
benefit, in terms of both time and funds, from the utilization of modem 
high-speed computers and techniques such as linear programming. 
It is a simple problem for modern computers to solve for the levels 
of and associated with each level of R using (3.22a) through (3.22e). 
Similarly, (3.20a) through (3.20e) can be used to estimate the time on 
feed, D., for each level of R. When R is constrained to accuracy of two 
decimal points as previously assumed, this procedure results in the speci­
fication of 505 possible rations--101 in each of the five weight intervals. 
With values of S, C, and D thus obtained for each of the 101 possible 
rations in each weight interval, it is a simple process to develop a 
linear programming model which will select the single ration in each weight 
interval that minimizes the cost per animal. 
As implied in Chapter II, the concept of an activity is central to 
the specification of a linear programming model. In this analysis, two 
general types of activities are evident. The first of these types are 
activities which produce beef gain by combining the inputs of concentrate, 
corn silage, and time and supplying them to the animal. These activities 
are, therefore, the 505 rations which have been specified, because each 
of these rations specifies a combination of concentrate, corn silage, and 
99 
time required to complete a given weight interval, or to produce a given 
amount of gain. The only input missing is the animal and because of the 
per animal form of analysis, this variable is always fixed at one steer. 
The second type of activity in evidence might be called supply 
activities as opposed to the producing activities just defined. These 
activities make the various inputs available to the production at some 
cost per unit. It is then the system of linear constraints mentioned 
in Chapter II which join these two types of activities together in the 
linear programming model. This property is most clearly illustrated by 
mathematically specifying the linear programming model as 
Min Z = P S® + P C® + P.D® (3.32a) 
s c d 
Subject to: 
5 100 
S E S, S® (3.32b) 
i=l j=0  ^
5 100 
E E C,, ^  C® (3.32c) 
i=l j=0 
5 100 E E D,. s (3.32d) 
i=l j=0 
where a variable superscripted by s represents the total nuaber of units, 
either kilograms dry matter of feed or days on feed, of that variable 
supplied. And, subscripting by i and j refers to the units of the vari­
able utilized in the jth ration of the ith weight interval. 
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Obviously, the objective function of this model, expressed by (3.32a), 
is simply another representation of the original objective specified by 
(3.20). The linear constraints specified by (3.32b) through (3.32d) re­
quire that the amount of each input used in production be no greater than 
the amount supplied. It is in this manner that the linear constraints 
join the two types of activities. 
Unfortunately, the model specified in this simple manner will not 
accomplish the desired analysis. Specifically, the model would select 
only the single ration of the 505 possible to minimize the cost, not one 
ration in each weight interval. What is required is for the model to 
sequentially proceed through the five weight intervals, selecting one 
ration from each, just as a steer would in the feeding process. To 
accomplish this, it is necessary to add constraints of the form 
100 100 
S A. ^  . = ^  A. . i = 1, 2, 3, 4 (3.33a) 
j=0 J j=0  ^
and 
100 
L A.. = 1.0 i = 5 (3.33b) 
j=0 
where A^ . is the number of animals fed the jth ration in the ith weight 
interval. In this manner, the model is constrained tc feed only one 
animal by (3.33b). And, from (3.33a), the number of animals fed in the 
i+1 weight interval must equal the number in the ith weight interval. 
Because each ration expresses per animal requirements of S, C, and D, 
these constraints effectively cause one ration to be sequentially selected 
in each weight interval. 
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Finally, adding a simple activity to produce 1 kg of concentrate by 
mixing .66 kg of corn grain with .34 kg of alfalfa pellets, and rewriting 
the model in the form of (2.43a) produces 
Min Z = P S® + P C® + P,D® (3.34a) 
5 c a 
Subject to: 
5 100 E E S., - 0 (3.34b) 
i=l j=0 
5 100 
E E C. - 0 (3.34c) 
i=l j=0 J 
5 100 E 2] D.. - 0=3 0 (3.34d) 
i=l j=0 ij 
100 
E j=0 Ê j " A^j) =0 i = 1, 2, 3, 4 (3.34e) 
100 
A.. = 1 i = 5 (3.34f) 
3=0 
= .66(CG) + .34(AP) (3.34g) 
where: 
CG = kilograms dry matter of corn grain; and 
AP = kilograms dry matter of alfalfa pellets. 
Under this formulation, P^  is then .66 of corn grain price per kilogram 
dry matter plus .34 of the alfalfa price per kilogram dry matter. The 
two components of concentrate are separated only as a convenience, and 
could have been left combined just as easily. Also, the four constraints 
specified by (3.34e) cause the program to proceed sequentially through 
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the nonlinear gain function. This property introduces a nonlinear 
constraint as a series of linear segments and these constraints thus 
cause this model to be a modification of linear programming previously 
defined as separable programming. 
The model can also be expressed in a matrix form, or initial tableau, 
to be solved using various computer algorithms for linear programming. 
To do this, activities and constraints are defined as follows: 
FAOij = a feeding activity designating the use of the jth ration 
in the ith weight interval; 
GRAIN = an activity supplying 1 kg dry matter of corn grain; 
PF.T.T.KT = an activity supplying 1 kg dry matter of alfalfa pellets; 
CONG = an activity supplying 1 kg dry matter of concentrate; 
SIIAGE = an activity supplying 1 kg dry matter of corn silage; 
TIME = an activity supplying 1 day on feed; 
GORN = a constraint mixing corn into concentrate; 
ALFALFA = a constraint mixing alfalfa pellets into concentrate; 
CCON = the constraint (3.34c); 
CSiL = the conscrainc (3.34b); 
BAYS = the constraint (3.34d); 
ATRi = the constraint (3.34s) for the ith weight interval; and 
REQ = the constraint (3.34f). 
A reduced example of the initial tableau using this notation is presented 
in Table 11. To complete the analysis, it is only necessary to solve the 
model as is parametized over the 13 prices previously specified; 
Table 11. A reduced example oi  the initial linear programming tableau 
O
 I
I •
"
-
J 
1, 2 .. . 100 
Grain Pellet Cone Silage Time FAoij ^^02j ^*03j FA04j ^*05j 
OBJ I'c Ps Pd z (min; 
CORN -1 . (36 = 0 
ALFALFA -1 ,34 0 
CCON -1 
^2j C3J % ^5j < 0 
CSIL -1 I^j ^2j ^3j % '5j < 0 
DAYS -1 
'ij °2j °3j % < 0 
ATRl -1 1 = 0 
ATR2 -1 1 = 0 
ATR3 -1 1 0 
ATR4 -1 1 0 
REQ 1 1 
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the results of which are presented in Appendix A. Results corresponding 
to $25, $50, and $75 per ton are summarized in Table 12. 
These results indicate that the same ration is optimal for the 
minimum cost objective as for the least-cost ration objective when corn 
silage is $25 per ton. For $50 and $75 per ton for corn silage, however, 
the rations differ; using more silage under $50 per ton and less under 
$75 per ton. It is also interesting to note that even under a $75 per ton 
corn silage price the ration which minimizes total cost in weight inter­
vals III, IV and V still contains a portion of corn silage. 
Obviously, this objective has the lowest cost, and thus, greatest 
profit per animal in each weight interval and overall. It would, there­
fore, seem to be a preferable objective, but many aspects may remain 
inconsistent with a producer's actual goals and production process. For 
instance, one of the quickly questionable aspects of this objective is 
that this objective implicitly assumes that a producer feeds only one 
group or pen of animals per year. After this group is sold it is assumed 
that the pen and facilities remain idle with no cost, either from an 
ooporuuiiity cùsi: ùiT direct cost viewpoint. 
Maximizing profit per animal per day 
For many feedlots, especially large commercial operations such as 
dominate the Southwest, the assumption that only one group of cattle is 
red per year is l'iâive. Horé realistically, these feedlcts sttcmpt to 
keep pens in use continually, and are usually able to replace each group 
of animals as they are slaughtered. Hence, the implicit assumption 
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Table 12. Summary of optimal rations for selected com silage prices 
by weight interval and overall under a.minimum cost per 
animal objective 
Corn Silage Price Per Ton 
$25 $50 $75 
Weight Interval I (320 to 370 kg) 
Ration (R) 1.0 .14 0.0 
Days on feed 35 43 49 
Silage (kg DM) 293.51 46.39 0.0 
Concentrate (kg DM) 0.0 285.22 342.43 
Cost/Animal 28.56 49.07 50.21 
Weight Interval II (370 to 400 kg) 
Ration (R) 1.0 .02 0.0 
Days on feed 31 29 30 
Silage (kg DM) 240.11 3.97 0.0 
Concentrate (kg DM) 0.0 197.43 200.71 
Cost/Animal 23.84 29.68 29.68 
Weight Inverval III (400 to 425 kg) 
Ration (R) 1.0 1.0 .01 
Days on feed 25 25 30 
Silage (kg DM) 206.12 206.12 2.59 
Concentrate (kg DM) 0.0 0.0 261.77 
Cost/Animal 20.14 35.29 37.46 
Weight Interval IV (425 to 455 kg) 
Ration (R) 1 n .22 .06 
Days on feed 24 27 31 
Silage (kg DM) 192.87 48.86 14.00 
Concentrate (kg DM) 0.0 173.25 219.98 
Cost/Anxuiol 18.97 33.02 35.24 
Weight Interval V (455 to 480 kg) 
Ration (R) 1.0 .18 .01 
Days on feed 2*) 24 30 
Silage (kg DM) 243.80 42.43 2.40 
Concentrate (kg DM) 0.0 193.37 243.64 
Cost/Animal 22.51 33.85 35.28 
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Table 12. (continued) 
Corn Silage Price Per Ton 
$25 $50 $75 
Overall (320 to 480 kg)® 
Average ration 1.000 .291 .015 
Days on feed 138 148 170 
Silage (kg DM) 1176.41 347.77 18.99 
Concentrate (kg DM) 0.0 849.27 1268.53 
Cost/Animal 114.02 180.91 187.87 
Profit/Animal 65.98 -.91 -7.87 
Price Ratio (DM)^  .6226 1.2455 1.8684 
Individual weight interval consumption and costs =ay not suis to 
overall totals due to rounding differences. 
T^he dry matter price ratio is the price of corn silage per kilo­
gram dry matter divided by the price of a kilogram of concentrate dry 
matter, £s . 
P 
regarding the status of facilities made in minimizing cost per animal may 
underenphasize the impact of time. Instead, these producers might choose 
to maximize the return, or profit, per animai per day. in this manner, 
at any fixed amount of time, such as one year, the aggregate profits per 
animal have been maximized as well. 
To develop a mathematical expression for this objective, assume that 
the original profit function, (3.24), can be broken into five functions 
describing profit in each of the weight intervals as 
-  ( p s . + p c . +  P . D . \  
i^ g^^ i 'c"i ' 'd^ ij = 1, 2, ... 5 (3.35) 
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where; 
TT^  = profit per animal in the ith weight interval; and 
= gain per animal in kilograms in the ith weight interval. 
Obviously, because the sum of the gains in each weight interval (G%) is 
equal to the total gain, the sum of (3.35) over the five weight intervals 
is the original profit function, (3.24), 
To express profit per animal per day it is only necessary to divide 
(3.35) by D^ , producing 
S; = 5T + Pc 5% + i = 2. --S (3.36) 
By summing (3.36) over the five weight intervals the objective of 
maximizing profit per animal per day is obtained as 
Max Z 
5 TT, 5 G. 5 / S, C, \ 
where Z is profit per animal per day to be maximized. 
It should be noted that (3.37) is not the usual form of a maximum 
profit per day objective such as mentioned by Sonka, Heady and Dahm j_55]. 
This objective maximizes profit per animal per day within each weight 
interval, while requiring the completion of all five independent inter­
vals, as opposed to the more typical expression which maximizes profit 
per animal per day fcr the overall feeding process. It is felt that as 
long as producers view weight intervals independently, at least ti. some 
degree, and operate an accrual accounting system, whether it is done 
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formally or not, (3.37) is more appropriate. For instance, after an 
animal has been on feed for a time, say two weight intervals, the pro­
ducer views the animal as now being worth more than when he was purchased. 
Specifically, if P is fixed, the animal is viewed as worth P times the 
g 8 
gain of the two ccnpletsd -weight intervals more than when he was pur­
chased, even if that increased value cannot be fully realized until after 
all five intervals are completed and the animal is sold. 
To analyze the impact of this objective, the previously developed 
linear programming model can be utilized with only minor modifications. 
Gi 
The value of each FAOij in the objective function is now P ——, and each 
® ij 
S.., C.., and D.. value is divided by the relevant D... The objective 
ij 1] ij 
function values for P^ , P^ , and are now negative, and the progras is 
run as a maximum rather than a minimum. The results of this analysis 
under the 13 specified price sets are included in Appendix A, while the 
results of the selected corn silage prices of $25, $50, and $75 per ton 
are summarized in Table 13. 
Minimizing the cost per animal per day 
While maximizing profit per animal per day in each interval may be 
appropriate for many large feedlots there are other feedlots in the South­
west, as well as other areas, for which it may not be appropriate. These 
feedlots are typically large commercial operations that fail into the 
general category of custom feeders. A custom feeding operation is 
distinguished from all others by ownership of the cattle only. The typi­
cal feedlot is generally assumed to own the animals being fed, either 
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Table 13. Summary of optimal solutions for selected com silage prices 
by weight interval and overall under a maximum profit per 
animal per day objective 
Corn Silage Price Per Ton 
$25 $50 $75 
Weight interval i (320 to 370 kg) 
Ration (R) 
Days on feed 
Silage (kg DM) 
Concentrate (kg DM) 
Cost/Animal 
Weight Interval II (370 to 400 kg) 
Ration (R) 
Days on feed 
Silage (kg DM) 
Concentrate (kg DM) 
Cost/Animal 
Weight Inverval III (400 to 425 kg) 
Ration (R) 
Days on feed 
Silage (kg DM) 
Concentrate (kg DM) 
Cost/Animal 
Weight Interval IV (425 to 455 kg) 
Days on feed 
Silage (kg DM) 
Concentrate (kg DM) 
Cost/Animal 
Weight Interval V (455 to 480 kg) 
Ration (R) 
Days on feed 
Silage (kg DM) 
Concentrate (kg DM) 
Cost/Animal 
1.0 1.0 .01 
35 35 48 
293.51 293.51 3.34 
0.0 0.0 337.93 
28.56 50.14 50.21 
1.0 .10 0.0 
31 26 30 
240.11 20.42 0.0 
0.0 184.11 200.71 
23.84 29.93 29.68 
1.0 1.0 0.0 
25 25 31 
206.12 206.12 0.0 
0.0 0.0 265.20 
20.14 35.29 37.49 
L. u .i-i. .1:4 
24 27 32 
192.87 48.86 9.42 
0.0 173.25 227.17 
18.97 33.02 35.28 
1.0 .07 0.0 
23 28 31 
243.80 16.87 0.0 
0.0 224.72 246.86 
22.51 34.60 35.33 
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Table 13. (continued) 
Corn Silage Price Per Ton 
$25 $50 $75 
Overall (320 to 480 kg) ^ 
Average ration 1.0 .502 .010 
Days on feed 138 141 172 
Silage (kg DM) 1176.41 585.78 12.76 
Concentrate (kg DM) 0.0 582.08 1277.86 
Cost/Animal 114.02 182.98 187.99 
Profit/Animal 65.98 -2.98 -7.99 
Price Ratio (DM) ^ .6226 1.2455 1.8684 
Individual weight interval consumption and costs may not sum to 
overall totals due to rounding differences. 
T^he dry matter price ratio is the price of corn silage per kilo­
gram dry matter divided by the price of a kilogram of concentrate dry 
matter, £s . 
through purchase or breeding. The custom feedlot, on the other hand, does 
not own the animals, but rather supplies facilities, labor and feed on a 
per animal per day basis to the owner of the animals. Hence, the revenue 
of a custom feeder does not depend on the animal's gain, but is fixed at 
so much per animal per day. 
Clearly, there can be many different objectives for custom feeding 
operations depending on the terms of the contract with the owner of the 
animals. If this contract calls for the owner to pay the custom feeder 
a fixed amount per animal per day, and for the feeder to pay the cost of 
feed, etc. used, then a simple objective is produced which warrants 
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consideration. Specifically, this producer is interested in minimizing 
his cost per animal per day in each weight interval against the fixed 
revenue he receives from the cattle owner. This objective may be ex­
pressed mathematically as 
5 / S C. \ 
Min Z = y) I P rr + P  ^+ P. I (3.38) 
fii \ •= "j 
where Z is the value to be minimized. This objective is very similar to 
(3.37) and has the same properties concerning independent weight intervals. 
The analysis of this objective can also be made with the linear 
programming model used for (3.37). For (3.38) it is only necessary to 
make the objective function values of FAOij equal to zero, sake P^ , 
and P^  positive, and solve as a minimum rather than the maximum used for 
(3,37). The results obtained for the 13 corn silage prices are summarized 
in Appendix A, and the selected results for corn silage prices of $25, 
$50, and $75 per ton are shown in Table 14. 
It should be realized in examining these results that the original 
profit function^  (3.24). is used to arrive at profit per animal. This is 
really a measure of gross profit per animal accruing to the animal's 
owner. It does not account for the fixed daily feeding charge over feed 
costs which would be the custom feeders profit and return to capital. 
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Table 14. Summary of optimal rations for selected corn silage prices 
by weight interval and overall under a minimum cost per 
animal per day objective 
Com Silage Price Per Ton 
$25 $50 $75 
Weight Interval I (320 to 370 kg) 
Ration (R) .97 0.0 0.0 
Days on feed 37 49 49 
Silage (kg DM) 288.20 0.0 0.0 
Concentrate (kg DM) 8.92 342.43 342.43 
Cost/Animal 29.63 50.21 50.21 
Weight Interval II (370 to 400 kg) 
Ration (R) .96 0.0 0.0 
Days on feed 32 30 30 
Silage (kg DM) 230.65 0.0 0.0 
Concentrate (kg DM) 9.62 200.71 200.71 
Cost/Animal 24.48 29.68 29.68 
Weight Inverval III (400 to 425 kg) 
Ration (R) 1-0 0.0 0.0 
Days on feed 25 31 31 
Silage (kg DM) 206.12 0.0 0.0 
Concentrate (kg DM) 0.0 265.20 265.20 
Cost/Animal 20.14 37.49 37.49 
Weight Interval IV (425 to 455 kg) 
Ration (R) .93 .01 G.G 
Days on feed 27 34 34 
Silage (kg DM) 185.54 2.36 0.0 
Concentrate (kg DM) 13.98 238.73 242.72 
Cost/Animal 20.68 35.28 35.44 
Weight Interval V (455 to 480 kg) 
Ration (R) .82 0.0 0.0 
95 o-i Days on feed 
Silage (kg DÎ 
Concentrate ( 
CoSt/Animal 25.63 35.33 35.33 
M) 201.51 0.0 0.0 
kg DM) 44.29 246.86 246.86 
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Table 14. (continued) 
Corn Silage Price Per Ton 
$25 $50 $75 
Overall (320 to 480 kg)^  
Average ration .935 .002 0.0 
Days on feed 149 175 175 
Silage (kg DM) 1112.02 2.36 0.0 
Concentrate (kg DM) 76.81 1293.93 1297.92 
Cost/Animal 120.56 188.03 188.15 
Profit/Animal 59.44 -8.03 -8.15 
b 
Price Ratio (DM) .6226 1.2455 1.8684 
I^ndividual weight interval consumption and costs may not sum to 
overall totals due to rounding differences. 
T^he dry matter price ratio is the price of corn silage per kilo­
gram dry matter divided by the price of a kilogram of concentrate dry 
matter, ^  . 
P 
c 
Maximizing the return per acre 
While the five objectives thus far defined and analyzed represent 
the tnejo'^irry of cercle feeders, there is one other major group which may 
not fall under any of these objectives. The remaining feeders are typi­
cally small-scale feeders found in the Midwest and Corn Belt areas of 
the United States. These producers feed cattle as a component of their 
overall farming operation to utilize excess labor in the winter months 
and as a means of marketing their homegrown crop production. 
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Under these conditions cattle feeding is an auxilliary enterprise 
to the crop production. Under favorable market conditions a portion of 
the producer's grain production from farming can be marketed as beef 
and his overall profits increased. Under unfavorable market conditions 
he still has the choice of marketing his crop production directly, so 
that his profit position has not been adversely affected by the poten­
tial to feed beef. In this manner, beef feeding represents an alter­
native of the producer's production portfolio which can reduce his risk 
due to market fluctuations. 
To specify an objective for this producer, assume that his corn 
crop has been planted, cultivated, and is now approaching harvest. He 
must decide whether or not to exercise his option to feed cattle at 
the previously specified prices, and if he does feed, whether the crop 
should be harvested as corn grain or as corn silage or some of each; 
assuming he has facilities to harvest, store, and feed each type of feed. 
In making this decision, the producer faces an immediate constraint 
imposed by the number of acres in corn. Hence, it is reasonable to 
assume that this producer would make his choices based on u. maximum 
return per acre objective. In other words, he would compare his profit 
from feeding a ration which maximizes his return, per acre to the profit 
of simply selling the grain to decide whether or not to feed. 
To specify the objective of maximizing returns per acre 
mathematically, assume that the producer can estimate his per acre 
yield in terms of either corn grain or corn silage. The yield available 
for feeding can then be expressed as 
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Y = CG +aS (3.39) 
where: 
Y = per acre potential yield in kilograms dry matter of corn 
grain; 
CG = kilograms dry matter per acre of corn grain actually harvested; 
S = kilograms dry matter per acre of corn silage actually harvested; 
and 
a = a factor relating the per acre dry matter yield of corn grain 
to the per acre dry matter yield of com silage. 
The number of animals which can be fed per acre of com is then simply 
(3.39) divided by the feed consumption per animal, or 
N = 3^^ (3.40) 
Z (S. + CG.) 
1=1 
where ; 
N = number of animals per acre; 
S^. = per animal corn silage consumption in kilograms dry matter 
in the ith weight interval; and 
CG^ = per animal corn grain consumption in kilograms dry matter 
in the ith weight interval. 
The producers objective of maximizing return per acre due to feeding 
is then expressed as 
/ 5 \ 
Max Z = N - E + «ccCGi + - Vl> j (3.41) 
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where: 
Z = return per acre due to feeding; 
= cost per kilogram dry matter of harvesting, storing, and 
feeding corn silage, including fertilizer differences the 
following year; 
= cost per kilogram dry matter of harvesting, storing, and 
CG 
feeding corn grain, including chopping stalks; 
= cost per kilogram dry matter of alfalfa pellets; 
AP^ = kilograms dry matter of alfalfa pellets fed per animal in 
the ith weight interval; and 
all other variables are as previously defined. 
It should be stressed that (3.41) is an expression of returns per 
acre rather than profit per acre because it does not account for any 
crop costs other than harvesting, storing, and feeding. The exclusion 
of other crop costs, such as planting, fertilizer and cultivation costs 
is justified by the fact that at the time the producer decides how to 
harvest his crop these costs have already occurred and are thus fixed. 
And, as shown in Chapter II, fixed costs will not influence his harvest 
ing decision. 
The analysis of cattle feeding under this objective is slightly 
more complicated than previous objectives. In addition to the prices 
previously specified, it is also necessary to specify values for the 
variables Y, a, W^, and Obviously, these values differ from farm 
to farm and from year to year, depending on management, technology. 
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weather, and a host of other factors. For simplicity, therefore, it is 
assumed that the required variable values are derived for a typical farm 
under good management. Two situations are then considered for this farm. 
The first might be called normal weather, while the second represents 
conditions which might exist under a drought such as the Midwest exper­
ienced in the 1975 and 1976 production years. The assumed yields and 
production costs for these two situations are summarized in Table 15, 
along with the derived values of Y, a, W^, and 
It is interesting to note that while grain yield is 50 percent of 
normal under dry weather conditions, corn silage is 56 percent of normal. 
This would indicate a more severe impact on grain yield than on the 
yield of stalk and leaves from lack of moisture. 
To analyze the effect of this objective, it is necessary to modify 
the linear programming model defined by (3.34a) through (3.34g). First, 
one new activity is added to sell a finished steer at a value of $180, 
which is PgG. Next, is broken into a corn grain and an alfalfa pel­
let component, both of which are negative in value with the com grain 
value coming from Then, is replaced by -W^, and linked to corn 
grain by the value of a and the yield value. Finally, the program is 
maximized rather than minimized. 
With these changes, the model can be expressed mathematically as 
Max Z = N(PgG) - + P^pAP® + P^D) (3.42a) 
subject to: 
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Table 15. Yields, costs and variable values assumed under normal and 
drought weather conditions 
Normal 
#2 Corn 
Grain 
Corn 
Silage 
#2 Corn 
Grain 
Drought 
Corn 
Silage 
Yields 
Yield/acre 
Percent DM^ 
Yield (kg DM) 
Percent harvest loss 
Percent storage loss 
110 bu. 16.2/T 55 bu. 8.5/T 
89 37.5 89 40 
2,400 5,517.2 1,200 3,076.9 
6 1 6 1 
.5 6 .5 6 
Costs 
Fixed (per acre) 
Harvest and drying 
Storage 
Handling (per ton) 
Grinding (per bushel) 
Chopping stalks (per acre) 
Fertilizer difference (per acre) 
149.24 149.25 
.18 bu. 2.00/T 
.045 bu. 2.20/T 
.50 .90 
. 05 
2.00 
— 10.00 
149.25 
.18 bu. 
.045 bu. 
.50 
.05 
2.00 
149.25 
2.00/T 
2.20/T 
.90 
10.00 
Variables 
W. 
re 
W 
2,400 
.435 
.01330 
.01675 
1,200 
.390 
.01410 
.01795 
SOURCE: [39J and actual observations at Castana, Iowa in 1976. 
^Percent dry matter as stored. 
^SOURCE: [39, 56]. 
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5 100 
E 2: Su, - s* a 0 (3.42b) 
1=1 j=o 
5 100 
:C lE: C,1 - 0= z 0 (3.42c) 
1=1 j=0 
5 100 
Ë £ D.. - 0 (3.42d) 
i=l j=0 
100 
Z ('^ i+1 ] - Alj) • ° i = 1, 2, 3, 4 
J-0 
100 
Yi (Sales - A . ,) = 0 1=4 
j=0 j 
(3.42e) 
(3.42f) 
C® = .66(CG) + .34(AP) (3.42g) 
CG + aS = Y (3.42h) 
Other than objective function changes, only (3.42f) changes to include 
an activity to sell the steers (Sales) and the addition of a yield con­
straint, (3.42h) are made from the original linear programming model. 
With the model thus specified, it is a relatively simple process to 
optimize it under each of the specified conditions relating to rainfall 
and yield. The optimal rations obtained in the optimization can then 
be summarized as in Table 16. It is especially interesting to observe 
that these optimal rations are all silage rations, under both of the 
assumed yields and weather conditions, in all weight intervals. Hence, 
should the producer choose to feed all of his crop production, he would 
do so as com silage. 
120 
Table 16. Summary of optimal rations by weight interval and overall 
for various weather conditions and yields under a maximum 
return per acre objective 
Normal Drought 
Rainfall Conditions 
Weight Interval I (320 to 370 kg) 
Ration (R) 1.0 1.0 
Days on feed 35 35 
Silage (kg DM) 293.5 293.51 
Concentrate (kg DM) 0.0 0.0 
Weight Interval II (370 to 400 kg) 
Ration (R) 1.0 1.0 
Days on feed 31 31 
Silage (kg DM) 240.11 240.11 
Concentrate (kg DM) 0.0 0.0 
Weight Interval III (400 to 425 kg) 
Ration (R) 1.0 1.0 
Days on feed 25 25 
Silage (kg DM) 206.12 205.12 
Concentrate (kg DM) 0.0 0.0 
Weight Interval IV (425 to 455 kg) 
Ration (R) 1.0 1.0 
Days on feed 24 24 
Silage (kg DM) 192.87 192.87 
Concentrate (kg DM) U.Û 0,0 
weight Interval V (455 to 480 kg) 
in 1 n Ration (R) 
Days on fei 
Silage (kg 
Concentrate (kg DM) 0.0 0.0 
ed 23 23 
DM) 243.80 243.80 
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Table 16. (continued) 
Normal Drought 
Rainfall Conditions 
Overall (320 to 480 kg)^ 
Average Ration 1.0 1.0 
Days on feed 138 138 
Silage (kg DM) 1,176.40 1,176.40 
Concentrate (kg DM) 0.0 0.0 
Price Ratio (DM)^ 1.2594 1.2730 
^Individual weight interval consumption and costs may not sum to 
overall totals due to rounding differences. 
^Computed as 
The significance of these rations is doubled when the price ratios 
in Table 16 are compared to price ratios obtained when all feeds are 
purchased. The price ratio of homegrown feeds is rou^ly comparable 
to a com silage price of $50 per ton v^en corn grain is $2.50 per 
bushel. But, under these prices, none of the previous objectives called 
for feeding rations of over about one-half silage on the average. Thus, 
one must conclude that the increased nutrient yield per acre by harvest­
ing silage far outweighs the cost effects. 
It is in analyses such as these that linear programming can really 
benefit the researcher. Not only does linear programming reduce research 
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time requirements, but it makes explicit both the allocation of scarce 
resources and their value. This value, termed shadow price, is the 
value to the objective of the last unit of the resource and is an inte­
gral part of resource allocation. For this analysis, it is most interest­
ing to consider the shadow prices associated with each of the feeds and 
with per acre yield. A summary of these relevant shadow prices as well 
as per acre results is shown in Table 17. 
Table 17. Per acre results of feeding and shadow prices of inputs to 
maximize return per acre 
Normal Drought 
Per Acre Profit 
Number of animals fed 4.7 
Corn silage required (kg DM) 5517.2 
Number of animal days 
required 647.2 
Revenue from sales of 
animals 
Feeding cost of corn silage 
Cost of time 
Fixed crop cost 
Profit 
Shadow Prices 
equivalent 
—per bushel of grain 
—per ton of silage 
Grain—per kg DH 
--per bushel 
2 . 6  
3076.9 
360.9 
$846.00 $468.00 
92.41 55.23 
129.44 72.18 
149.25 149.25 
474.90 192.34 
.25930 .28614 
5,65 6.24 
88.21 103.83 
.09559 .11945 
2.08 2.60 
Silage--per kg DM (same as Yield) 
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The high shadow price associated with yield, as well as per acre 
profit shown in Table 17, clearly indicates that under the prices speci­
fied this producer should market his crop production as beef. To obtain 
equal profits, he would have to receive a price per bushel for corn 
grain of $8.58 and $9.11 for normal and drought conditions, respectively. 
Obviously, chese artificially high grain prices are a reflection of the 
assumptions in the model regarding excess labor, zero returns to feedlot 
facilities, and good beef prices, as well as a neglect of marketing and 
transportation costs involved in selling either grain or cattle. These 
prices do, however, indicate the magnitude of drought effects, as well 
as the potential profits from feeding homegrown production. 
To complete the analysis, it is also necessary to consider the 
shadow price of corn grain. This value reflects the amount by which the 
return per acre of feeding would fall if one kilogram (or bushel) of 
grain were used. Assuming that the producer has reached a limit on 
silage feeding imposed by full use of either feeding facilities or stor­
age capacity or by exhaustion of his excess labor, this value can be 
used to evaluate his remaining production. Specifically, because the 
shadow price is the value to the producer of grain in feeding, if the 
market price is greater than the shadow price he sells the excess grain, 
as occurs under normal yields with a market price of $2.50 per bushel. 
Under drought conditions, however, the shadow price of grain exceeds 
the specified market price by $.10 per bushel. Assuming this difference 
is greater than storage costs, the producer might elect to hold the grain. 
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either until the price increases or until he is able to feed it to 
produce beef. This result is interesting, as it implies that should 
price ceilings be placed on grain, such as to combat rapid price in­
creases during a crop shortage caused by a severe drought, producers 
might be expected to respond by further shortening the supply through 
storage and feeding. 
While this is a naive analysis of a full farm firm, it does indicate 
that to maximize his return per acre the producer would feed a full corn 
silage ration up to limits imposed by his other resources. After that 
limit is reached, he either sells or stores his excess grain based on a 
comparison between its value in feeding and its sale value. Further­
more, a drought would not change his optimal ration, or feeding strategy, 
but would substantially increase the value of his production, thus 
making feeding rather than selling even more preferable. 
Summary 
Although an analysis has been made on each of six different 
objectives, it «oulà be improper to label them as good or bad with the 
exception of the first two objectives. The objectives of maximizing 
the rate of gain and least-cost ration formulation may be judged inferior 
because each ignores at least one component of production. Maximizing 
the rate of gain ignores the cost of feeds, or effectively assumes that 
feed costs are zero. Similarly, obtaining a least-cosc ration ignores 
the time aspect of feeding cattle and the costs associated with time. 
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For the other four objectives, however, all inputs are accounted for in 
some form and each is appropriate for some class of producers. 
In general, all objectives which account for the feed costs 
indicate that corn silage is being substantially undervalued by current 
standards. For instance, it has been recommended that the value of com 
silage per ton is 10 times the price per bushel of corn grain [52J. But 
if this value is to be believed with the fixed corn grain price of $2.50 
per bushel, then examination of each objective indicates a substantially 
higher use of silage than has historically been evident in the industry. 
Also, it would appear that this valuation of silage is based on average 
costs rather than marginal costs. For instance, for the objective of 
maximizing the return per acre the average cost per bushel of corn grain 
is $1.65. The average cost of silage is just over nine times this cost 
at $14.95 per ton under normal yields. However, economic theory would 
indicate that marginal costs are a more appropriate basis for judging 
value, which results in a corn silage value per ton which is 19.7 times 
the per bushel corn grain value under the same conditions. In other 
words, if silage is valued per ton at 10 times che corn giaiu price per 
bushel, it is most probably being valued at only one-half its true value. 
It is also important to realize that the sigmoid shape of the iso-
quants has a peculiar effect on the optimal ration. For each objective 
which is influenced by the market price of feed inputs, there are drastic 
ration changes within weight intervals as prices change. This drastic 
shift occurs as prices cause less than a full silage ration to be optimal. 
This is a property of the section of the isoquant which is concave with 
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respect to the origin, because in this section of the isoquant the same 
production can be maintained by reducing corn silage with a less than 
proportional increase in concentrate consumption. Hence, the producer 
just continues to reduce silage utilization until the ration enters the 
area of the isoquant x^ich is convex with respect to the origin, at which 
time a further decrease in silage causes a more than proportional in­
crease in concentrate. 
The industry implications of the peculiar isoquant shape, silage 
values, and the alternative objectives are much too far-reaching for the 
limited space available here. By applying these results to individual 
feeders, groups of feeders, and special feeding strategies, however, the 
industry in aggregate can be examined in almost infinite detail. 
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CHAPTER IV. THE ESTIMATION AND ANALYSIS 
OF A BEEF GAIN PRODUCTION FUNCTION 
It is obvious from the results in the preceding chapter that the 
direct estimation and analysis of isoquants can be a powerful methodology. 
But as powerful as it is, there are still questions, both economic and 
physical, which can be fully examined only by the estimation and analysis 
of a full production function. For instance, while the direct isoquant 
estimation and analysis may adequately reflect physical relationships 
between the inputs and the optimal input levels for a specified output 
level, it lacks the flexibility to specify optimal output levels, or 
even to consider output levels other than those specified by the esti­
mated isoquants. For these types of questions it is necessary to estimate 
and analyze a full production function, not just certain isoquants. 
Estimation of the Production Function 
As mentioned previously, the estimation of a production function 
can be an enormous task, involving consideration of many functional 
forms in an attempt to find one which can be selected as the best approx­
imation of the crue function. If, however, the isoquants have been 
directly estimated, and a suitable form found for them, then this can 
serve as the starting point for the estimation of the full production 
function, thus reducing the enormity of the task. 
To this end, it is initially assumed that the sigmoid isoquants 
estimated previously by grafted quadratics, (3.16a) through (3.16e), 
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adequately reflect the shape of the true isoquants. Hence, the production 
function to be estimated can be described implicitly as 
G = f(S, C) (4.1) 
where: 
G = kilograms of weight gain per steer; 
S = kilograms dry matter of corn silage consumption; 
C = kilograms dry matter of concentrate consumption; and 
f = the functional form to be determined, subject to the condition 
that isoquants derived from f can be sigmoid in shape. 
It should be noted that the condition placed on the functional form of 
the production function concerning isoquant shape does not require that 
they must be sigmoid; only that they can be. This has the effect of 
eliminating many simple forms, such as the Cobb-Douglas or simple quad­
ratic [23], but still concedes that the sigmoid isoquant shape may not 
be true, but an artifact of the direct estimation procedure. While this 
constraint concerning isoquant shape eliminates many simple functional 
forms rioui cousideration, there arc z greet cany rensining rron wich 
to select, including higher-order polynomials and grafted polynomials. 
Before a functional form is selected for estimation, however, it 
is necessary to consider properties of the data which might lead to 
erroneous results or to violation of an OLS assumption, and to take 
account of these properties in the estimation. This examination yields 
three properties of potential concern in the estimation of a production 
function. First, there is the problem of errors in measurement or 
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errors in variables encountered in the direct estimation of the isoquants. 
Second, the serial nature of the data could produce autocorrelated errors 
as discussed in Chapter II. And third, slaughtering some animals at a 
more or less constant weight could lead to erroneous conclusions about 
the nature of the function. 
Examining the last problem first, consider two animals which are 
growing over time from the same initial weight. If these two animals 
are growing or gaining weight at different rates, such as caused by-
different rations, then slaughtering them at the same weight, regardless 
of time, has the effect of making the estimated production function be­
come aaymtotic to the level of gain at which they are slaughtered. A 
constant time evaluation, however, does not cause this. Hence, obser­
vations on animals beyond 154 days on test, the last time all animals 
were weighed prior to any slaughter, are not included in the estimation 
of the production function. 
The errors in variables problem are the same as in the direct 
isoquant estimation, and as such, could be handled with the instrumental 
variable approach. In the hope of avoiding this, however, a tesc is 
made of the hypothesis that OLS yields nearly unbiased estimators [l6]. 
This is tested using an F-test, the value of which is F(2, 77) = 2.789, 
which is not significant at the ,01 level. On the basis of this test 
the variables are treated as though they are measured without error and 
no correction is made for the errors in variables problem. 
^The reader is referred to Chapter II for a review of the data and 
experimental design. 
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For the autocorrelation problem it is assumed that the errors 
follow a first-order autoregressive scheme as described in Chapter II. 
This assumption has been used with good results in similar studies [30, 
31], and is generally justified by an examination of actual beef feed­
ing results. For instance, animals with very low gains in one period 
generally have higher gains in the next period. These compensatory 
gains are difficult to quantify, but it has been estimated that the 
effects of one period are dissipated within 10 to 14 days following that 
period [l]. Because periods in this study are each 28 days, it is 
reasonable to assume that errors in one period are correlated only with 
those in the immediately past period, and thus the assumption of a 
first-order autoregressive scheme. 
As was noted in Chapter II, OLS estimates with autocorrelated 
errors are unbiased and consistent but inefficient. To correct this, it 
is necessary to find a transformation matrix (T) by which the data are 
transformed to satisfy OLS assumptions and produce efficient estimates. 
The transformation matrix which accomplishes this for a first-order 
autoregressive scheme is specified by (2.16) and for this daca work» 
out to oe 
r 
.737798 
-.675022 
0 
'7x7 
(4.2) 
1 
0 0 
1 . 0  0  
-.075022 1.0 
0 
0 
0 
0 
0 
0 
575022 1 . 0  
-I 
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In other words, the correlation between error terms in the same period 
is 1.0, .675022 in the adjacent periods, and zero otherwise. To obtain 
efficient estimates, both dependent and independent variables are multi­
plied by this transformation matrix and then OLS regression is applied 
to the transformed data. 
With these problems recognized and accounted for, it is possible 
to proceed with the specification of a functional form to be estimated. 
As was previously mentioned, simple polynomials will not fulfill the 
constraint concerning isoquant shape. Rather than specifying a higher 
order polynomial, the simplicity and flexibility of a grafted polynomial 
approach make it a preferable alternative. Hence, the production func­
tion to be estimated is specified as 
G = /S Q + /^iS + jSgC + ^  + /3^CS S ^  Q!Q + (4.3a) 
and 
G = pg + + jggC + + /3^^CS S ^ QJQ + (4.3b) 
subject to the constraints that on the line S = qîq + the two equations 
are equal, as are the partial derivatives of each equation with tespcci: 
to each input. This has the effect of placing 5 Independent linear 
constraints on the 12 parameters, leaving 7 parameters to be directly 
estimated. The actual regression equation is then expressed as 
G = tq + y^s + 7 c -r tgg- + 7^0" + 7 cs + 7 Z (4.4) 
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where: 
to ' %' 
n = ^r 
72 ' 
7 3 - / 3 3 ;  
% = &: 
7s . g;: 
Yg = (^11 - ^ 5); and 
Z = 
{ 0 if S ^  û!Q + a.^c 
(S -Q!g - Q^C)2/_2o^ if S:> eg +a^C. 
Iri this nianner, the original parameters of (4.3a) are directly estimated 
by (4.4), and the remaining original parameters from (4.3b) are defined 
by 
"6 ° •'o ' 
/î? = 7i + «//«r 
^8 ^ ^2 
/? _ — v« - 7,/2CL ; 
' ^ 0 ^ 
^10" ^ 4 -
^911= 75 + Ts" 
Thus, to obtain estimates of the ^ s in (4.3a) and (4.3b) it is only 
necessary to estimate the 7s in (4.4). 
Before the function can actually be estimated, hovever, it is 
necessary to estimate the join line defined by 
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S = + a^C (4.5) 
This estimate can be made by simply fitting a line to the join points 
used in the direct isoquant estimation, producing the line 
Î = -106.810531 + .727763(C) (4.6) 
(109.838109) (.198277) 
= .8179 MSE = 6891.5760 
It is realized that (4.6) may not be the exact join line, but then the 
join points used in the direct isoquant estimation were probably not 
exact either, and as Fuller [20] points out, it is not necessary for 
them to be exact to obtain good estimates with the grafting approach. 
The grafted quadratic production function can then be estimated 
using the autocorrelation transformation (4.2), the estimated join line 
(4.6), the regression equation (4.4), and the defined relationships be­
tween the 7s and the /3s to produce 
Û = -1.300146 + .147449(5) + .165154(C) - .000104(8^) 
(1.270527) (.007392) (.007374) (.000017) 
- .000034(0") 4- .000027CCS) (4.7a) 
(.00007) (.000019) 
S s -106.810531 + .727763(0 
and 
G = -.35174 + .165208(3) + .152230(C) - .000021(5^) 
(1.265079)(.006547) (.007077) (.000005) 
+ .000010(C^) - .000094(CS) (4.7b) 
(.000009) (.000011) 
S ^ -106.810531 + .727763(C) 
R^ = .9949 MSE = 16.20823 
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Examination of this function, indicates a hi^ R , and highly significant 
estimates of all regression coefficients except the two intercepts (b^ 
and b^), the first interaction term (b^), and the second quadratic term 
for concentrate (b^^). The nonsignificance of the intercepts is easily 
rationalized as being outside the data range, and as long as they are 
less than or equal to zero they are biologically consistent. In other 
words, with zero levels of feed inputs, both S and C, one would not ex­
pect an animal to gain weight which would be implied by positive inter­
cepts. The other two estimated regression coefficients, b^ and b^^, 
are not highly significant, but are high enough to be accepted. Hence, 
the production function specified by (4.7) is initially judged to be an 
adequate representation of the true production function. 
There are some rather unusual properties of this function which 
warrant some discussion. First, an increase in either input, in either 
range of the function, has a positive effect on gain. In other words, 
the marginal product (MP) of each input, in each range, is positive as 
expected. The unusual property is that normally the marginal productivity 
of an input declines at higher levels of that inpuc, and chis ûoes lïûi; 
hold for concentrate in (4.7b). It is this property which causes the 
slope of the join line (4.6) to be less than one, thus making (4.7a) 
cover relatively wider ranges in input values as gain levels increase. 
The next rather unusual property is t^e change in the sign of the 
interaction coefficient between (4.7a) and (4.7b), To examine the impli­
cations of this property, it is necessary to derive the isoquant equations 
for (4.7a) and (4.7b). These derived isoquant equations can be expressed as 
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C = I (.165154 + .000027S) - j^(-. 165154 - .0000275)^ 
- 4(.000034)(G + 1.300146 - .147449S - .000104S^)j ^j 
|^2(.000034)j 
S ^ -106.810531 + .727763(C) (4.8a) 
and 
C = |(.152230 - .0000945) - 152230 + .0000945)^ 
- 4(-.000010)(G + .351742 - .165208S + .000021S^)j ^ j 
[2(-.000010)] 
s ^ -106.810531 + .727763(C) (4.8b) 
From these isoquant equations it can be shown that the change in C for 
a unit change in S, or the marginal rate of substitution of S for C 
(MRSgç) is negative in both (4.8a) and (4.8b). In (4.8a), however, the 
change in as S increases is positive, while in (4.8b) it is nega­
tive. It is this property, produced by the different signs and magni­
tudes of the estimated regression coefficients between (4.7a) and (4.7b), 
that produces sigmoid isoquants. To represent this property, isoquants 
-  ^  »  * - 1 *  ^  « m  Z  « . %  f ^  ^  C  ^  @  ^  JU V JL V-' A-  ^ V O V ^   ^  ^^  ^   ^w  ^ — — 
estimation and represented graphically in Figure 11, Although not con­
strained to be sigmoid, it is easy to see that the estimated isoquants 
are indeed sigmoid, and quite similar to the directly estimated isoquants 
shown in Figure 5 of Chapter III. In both cases the isoquants are first 
convex with respect to the origin, and then become concave as silage 
levels increase. 
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Figure 11. The isoquants derived from the estimated production function 
Another property of this function is that it has two maximums, one 
for (4.7a) and one for (4.7b), although there is only one global maximum, 
To obtain estimates of the maximum gain possible in each section of the 
production function, the first partial derivative with respect to each 
input is equated to zero, and solved. For example, the maximum gain for 
(4.7a) is obtained using the relationships 
Solving (4.9a) and (4.9b) simultaneously for S and C produces s" = 1079.786 
and C" = 2857.271. Plugging these values back into (4.7a), thé 
level of gain is obtained as g" = 314.27 kg. Or from the initial weight 
of 320 kg for these animals, the estimated maximum weight is 634.27 kg. 
ÔG/ÔS = .147449 - .000208(3) 4- .000027(C) = 0 (4.9a) 
oG/oC = .165154 - .000058(C) + .000027(5) = 0 (4.9b) 
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Similarly, (4.7b) can be used to solve for another local maximum 
gain of 324.54 at C* = 0 and s" = 3933.52. Hence, the global maximum 
occurs in the range of (4.7b), and at only a slightly higher weight than 
the local maximum found for (4.7a). 
On the surface, all of the properties described for this estimated 
production function are not only consistent with the directly estimated 
isoquants, but also appear consistent with expectations about the beef 
feeding process. The "acid test" of this function, however, is its 
ability to describe data not used in the estimation. After all, a func­
tion which is applicable to only one group of data is of very little 
industry-wide benefit. 
To check the applicability of this function to other data, summary 
results are obtained for various experiments conducted in Michigan between 
1971 and 1974 [25, 33, 34, 35, 43, 48] , 17 University of Minnesota 
experiments [24], and various published articles [l7, 23, 4l] represent­
ing a total of over 1,500 animals. While these experiments do not cover 
the full range of possible silage and concentrate proportions, predicted 
values of gain using the estimated production function are generally 
quite comparable to the observed gains. Thus, based on all of these 
properties, the function is accepted as a good approximation of the true 
2 production function. It has a high R , significant regression coefficients, 
and good predictive ability. It fulfills prior expectations about the 
function, including the positive marginal products which decrease and 
marginal rates of substitution which decrease and then increase. 
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An Economic Analysis of the Estimated 
Production Function 
In an economic analysis of this estimated production function, it 
is realized that only marginal benefits could be obtained by repeating 
the isoquant type of analysis conducted in Chapter III The similarity 
between the directly estimated isoquants and the corresponding isoquants 
which are derived from the estimated production function would prevent 
any drastic changes in either optimal input combinations or in the over­
all results. With the production function, however, the analysis is not 
limited to determining optimal input combinations as with the isoquant 
analysis. Instead, questions concerning optimal levels of gain as well 
as optimal input combinations, which can be addressed only by an analysis 
of the estimated production function, will be analyzed. 
The development of this analysis of the estimated production 
function has the same basic requirements concerning the specification 
of prices and an objective as noted previously in the direct isoquant 
analysis. Hence, with one exception, all of the prices previously speci­
fied for the direct isoquant analyses can be used to analyze the estimated 
production function. The one exception is the price of gain (P^) which 
requires some modification to be consistent with reality for all levels 
of gain. 
The modification of P^ is brought about not because of economic 
inconsistencies, ouc oecause or inscitutionjii constrêiiiLS coacerning 
quality. In the direct analysis of the isoquants it was assumed that 
Pg was fixed at $1.125 per kilogram of weight gain. This is a reasonable 
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assumption when the steers are marketed at a fixed gain of 160 kg, but 
it is questionable when gain is no longer fixed. Specifically, the 
fixed gain of 160 kg is associated with an animal of a specific USDA 
quality grade, namely low choice. For lower levels of gain there may 
be a reduction in grade as well. And, if the value of the animal is 
affected by the grade, it is reasonable to expect to fall as well. 
Hence, for each objective two situations are considered. First, it is 
assumed that the level of gain will not affect grade and is thus 
assumed to be fixed. For the second case it is assumed that the level 
of gain does effect both grade and P^. For the first case, P^ is simply 
assumed to be fixed at $1,125 per kilogram as in the direct isoquant 
analysis. Quantifying the effects that the level of gain may have on 
quality grade and P^ is not nearly as simple a task. Variability between 
graders [42] and genetic differences between carcasses [43] both serve 
to mask the effects that gain alone may have. 
While rather unsophisticated, an estimate of this effect can be 
obtained by first estimating the effect on slaughter price of a change 
in qualicy grade for animals oZ the same weight. This effcct Lz thar. 
combined with an estimate of the effect that the level of gain has on 
quality grade to obtain an estimate of the effects of gain level on the 
price of gain. 
To estimate the effect of quality grade on slaughter price, 
published price summaries [61, 62, 63] are used. These reports indicate 
that typically, steers of a good grade receive a price which is 90 percent 
of the choice price for an animal of approximately the same weight. 
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Based on the previously assumed price for low choice steers of $.97 
per kilogram, a relationship between slaughter price and quality grade 
is estimated as 
P = .7437 + .0333(QG) (4.10) 
s 
where; 
= price per kilogram for slaughter steers; and 
QG = USDA quality grade scored as Prime+ = 12, Prime* = 11, Prime = 
10, Choice+ =9, etc. 
While this is a naive representation, it does produce a slaughter price 
of $.97 per kilogram at a USDA quality grade of 6.8, or approximately 
low choice, and the price falls as QG falls. 
To estimate the effects of gain on quality grade, a simple linear 
regression of quality grade on gain is made using the 96 experimental 
animals. As a result, a relationship of the form 
QG = 4.27755 + .01536(G) (4.11) 
w'nere G is kilograms of gain oer animal, is obtained. 
To obtain estimates of the price effects of gain, it is assumed 
that the weight of the feeder calf is fixed at 320 kg at $.8925 per kilo­
gram, just as in the direct isoquant analysis. Then, the relationship 
PgW - P^W, 
P = _ " " (4.12) 
where: 
141 
= slaughter weight = + G; 
Pp = price per kilogram for feeder steers = $.8925; 
Wg = weight of a feeder steer = 320 kg; and 
all other variables are as previously defined, is assumed to 
hold. 
By combining the various relationships, (4.10), (4.11), and (4.12), an 
estimate of the relationship between and G is obtained as 
Pg = 1.04965+ .000511(G) - 2.0352(G'^) (4.13) 
It cannot be stressed strongly enou^ that (4.13) is intended only 
to be a rough approximation. In reality, the USDA quality grade, and 
thus, the price of gain, is probably more strongly effected by an animal's 
genetic ability and by the particular grader than by the animal's weight. 
In addition, (4.13) expresses P^ as a continuous function of G. The 
discrete nature of USDA quality grades, however, would probably result 
in a function describing P^ as discrete changes due to G instead of (4.13) 
While (4.13) is admittedly a naive representation of reality, it 
will serve ch.e purpose or iliuscracing how oûLimâl oatput levels sight 
be adjusted to satisfy the market demand for output of different qualities 
Thus, with (4.13) specifying the situation ™here P^ varies with the level 
of gain, and setting at $1.125 per kilogram for the situation where 
P^ is assumed to be fixed, it is only necessary to specify an objective 
to proceed with the economic analysis previously outlined. 
With the exception of maximizing the rate of gain, each objective 
analyzed with the directly estimated isoquants could also be analyzed 
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using the estimated production function. There is no point to analyzing 
a maximum rate of gain with respect to output level, because the optimal 
solution will almost always occur as gain approaches zero. In other 
words, animals gain at a decreasing rate. While it is true that each 
of the remaining objectives could be analyzed, in the interest of brevity 
only two objectives will be analyzed here. 
Maximizing profit per animal 
The first objective analyzed corresponds to a producer which 
maximizes his per animal profit with nonzero costs for only his feed 
inputs. In other words, this producer has excess facilities, labor, etc. 
and thus, views tisie as having a zero cost. He purchases his feeds at 
fixed prices and is interested in determining the ration and level of 
gain per animal which maximizes his per animal profit. It should be 
obvious that this objective, under the conditions outlined, corresponds 
closely to the least-cost ration objective, or to cost minimization with 
a zero per day cost, used in the direct isoquant analysis. 
In general, the objective for this producer may be represented by 
Max 77 = ? G - ? S - P C (4.14) 
g s c 
where: 
TT = profit per animal; 
= price per kilogram of gain: 
G = kilograms of gain per animal; 
= price per kilogram of corn silage dry matter; 
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S = kilograms of corn silage dry matter; 
= price per kilogram of concentrate dry matter; and 
C = kilograms of concentrate dry matter. 
It will be remembered from the direct isoquant analysis that is 
assumed fixed at $.118, which corresponds to U.S. #2 corn grain at $2.50 
per bushel and alfalfa pellets at $105.00 per ton mixed at approximately 
two to one by weight. Similarly, P^ was assumed to be one of a fixed 
set of corn silage prices, ranging from $.05887 to $.23517 by $.0146, 
or from $20 to $80 per ton in $5 per ton increments for 37.5 percent dry 
matter corn silage. Hence, there are 13 combinations of P and P for 
° ' s c 
each of the two previously specified P^ situations, for a total of 25 
optimal solutions specified by (4.14). 
Implicitly, an optimal solution is obtained by setting the first 
partial derivatives of tt with respect to C and S equal to zero, which 
under the assumptions of fixed input prices produces 
- P^ = 0 (4.15) 
/  «S/-»/  I  
°%S - ps 7.C - <=>0 73S J 
ov./ . ^Or„/ 00/ ! _ = 0 (4.16) 
Then, by solving (4.15) and (4.16) simultaneously it is possible to 
obtain optimal input values which can be plugged injro the production 
function to obtain the optimal gain. While this seems relatively simple 
and straightforward, there are peculiarities embodied in (4.15) and (4.16) 
which warrant mentioning. 
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First, the values contained in brackets 
and %s 
are referred to as the marginal revenue products [36] of C and S, 
respectively. This value is obtained only under the situation 
where P varies with the level of G. Under the situation where P is 
g g 
fixed, the terms 
y 
<36 /ôC 
and BPe/ ÔG/ 
/ôc- /as 
are zero, and the values within the brackets of (4.15) and (4.16) are 
the marginal value products [36] of C and S, respectively. It should 
be realized that the two situations to be analyzed with respect to P^ 
will not differ in relative input usage because the condition that 
[p 
(4.17) 
/ <5 I - o-
_a. f  0(: I 
ac 
as 
must hold for both. The absolute usage of the inputs should, however, 
be different. Specifically, where 
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as in (4.13), optimal input usage will increase when varies with G 
relative to the optimal input levels obtained when P^ is assumed to be 
fixed. 
Another peculiarity of the first-order conditions, (4.15) and (4.16), 
is a direct result of the form of the estimated production function. 
Specifically, the estimated production function is expressed as two 
quadratic functions, each governing a range of input values, and (4.15) 
and (4.16) will reflect this property. 
To illustrate this property the estimated production function, 
(4.7a) and (4.7b), is used to derive the first-order conditions 
r 
=  [ •  147449 - .000208(8) + .000027(C) 
a?./ 
= [.165154 - .000068(C) + .000027(8) 
/ac L 
P + G g 
SPg, 
ô g  J 
- P =0 
s 
(4.18a) 
- P =0 
c 
(4.19a) 
S S -106.810531 + .727763(C) 
ôrr/ I ][ or / 1 
/ = .165208 - .000042(3) - .000094(C) P + G / - P = 0 
/as L jl s /acl s 
Ô7r/ 
/bc 
1 r ÔP 
152230 + .000020(C) - .000094(S)j + G 
(L  
P = 0 
c 
(4.19b) 
S ^ -106.810531 + .727763(C) 
Or, solving the two sets simultaneously, the conditions are expressed as 
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^ .147449 - .000208(3) + .000027(C) ^  ^  
as .165154 - .000068(C) + ,000027(3) (4. 20a) 
S ^ -106.810531 + .727763(C) 
and 
àÇ = .165208 - .000042(3) - .000094(C) ^  \ 
as .152230 + .000020(C) - .000094(3) (4.20b) 
3 ^ -106.810531 + ,727763(C) 
Obviously, in this form, the amount of calculation required to obtain 
optimal input levels is substantially increased from the simple solution 
implied by the earlier discussion. 
A portion of the extra work can, however, be avoided through the 
peculiar, sigmoid shape of isoquants derived from the estimated production 
function and their parallel property, as shown previously in Figure 11. 
Under these conditions, an optimal solution will occur either within the 
isoquant portion which is convex with respect to the origin, or at the 
intersection of the isoquant with the corn silage axis. An optimal solu­
tion to (4.14) will never occur wichin che concave oorcioii of the isGquant 
under the assumed conditions [28]. 
Furthermore, it follows that there is one "critical" price ratio 
and a ration occurring in the convex region of the isoquant. In other 
words, there is one line, with slope -k, which will intersect the iso­
quant at the corn silage axis and simultaneously be tangent to the iso-
at which the model is indifferent between a ration of all silage 
quant in its convex region. The slope of this line (-k) is the critical 
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price ratio [36], which turns out to be approximately 1.037. At a 
price of $2.50 per bushel corn grain this price ratio would occur at 
roughly $41-63 per ton for corn silage. 
For any price ratio greater than this, the optimal solution will 
occur in the convex portion and for a price ratio less than 1.037, the 
optimal solution occurs at the intersection of the isoquant and the corn 
silage axis. Or in terms of the model, this can be expressed as follows: 
1.037 then a solution occurs in S ^  -106.810531 
\ / c/ 
+ .727763; 
If i \< 1.037 then a solution occurs in S s -106.810531 
\ / cl 
+ .727763; and 
If ^ j— 1.037 then a solution occurs for both 
S ^ and S a -106.810531 + .727763, 
Hence, once the price ratio is determined, only one segment of the 
production function, either (4.7a) or (4.7b), need be analyzed to find 
an optimal solution. And, if the price ratio indicates a solution in 
the range of (4.7b) it is known that the optimal level of C is zero. 
Therefore, only the levels of S and G must be obtained by solving (4.18b) 
for S and plugging back into (4.7b). 
There is one additional condition, however, which must be met. The 
values obtained from this analysis for S and C must satisfy the conditions 
S 2: -6116.8148 + 2.51852(C) (4.21a) 
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and 
S s 3933.5238 - 2.23810(C) (4.21b) 
for (4.7a) and (4.7b), respectively. These conditions define ridge-
lines [2Sj, or the locus of points for which the is either infinity 
or zero, and together with the positive axis form the boundaries of the 
feasible set of values for S and C. 
With the properties of the model thus specified, it is possible to 
proceed with the economic analysis. Considering first the case where 
Pg is assumed fixed at $1.125 per kilogram, profit maximizing rations 
and levels of gain are determined as shown in Table 18. 
As expected, the profit maximizing ration shifts drastically as 
the price of corn silage exceeds $40 per ton; dropping from 100 percent 
silage at $40 per ton to only 22 percent silage at $45 per ton. This 
is consistent with the results obtained previously for the direct iso-
quant analysis which indicated similar shifts occurring in the vicinity 
of $35 to $50 per ton for corn silage. 
"M'ore Interesting is the manner in which the optimal level of gain 
is adjusted as corn silage prices increase. It can be seen in Table 18 
that the profit maximizing level of gain continuously falls from a high 
of 290,76 kg at $20 per ton for corn silage to a low of 118.36 kg at 
corn silage prices greater than $65 per ton, for a reduction in G of 
almost 60 percent. 
Furthermore, for corn silage prices less than approximately $50 
per ton, the profit maximizing level of gain is greater than the 160 kg 
Table 18. Summary of profit maximizing rations and gain under various corn silage prices when the 
price of gain is assumed to be fixed 
Corn 
Per 
Ton 
Silage Price 
Per kg 
DM (Pg) 
Price 
Ratio 
(Ps/Pc) 
Gain 
(G) 
Ration 
(R) 
Silage 
(kg DM) 
Concentrate 
(kg DM) 
Profit 
$20 .05887 .4989 290.76 1.0 2664.71 0.0 170.24 
25 .07347 .6226 273.80 1.0 2378.60 0.0 133.27 
30 .08817 . 7472 251.45 1.0 2067.49 0.0 100.59 
35 .10287 .8718 225.03 1.0 1756.38 0.0 72.48 
40 .11757 .9964 194.55 1.0 1445.27 0.0 48.95 
45 .13227 1.1209 169.11 .22 272.73 994.40 36.84 
50 .14697 1.2455 159.41 .18 207.85 978.68 33.31 
55 .16167 1.3701 146.31 ,13 140.27 941,97 30.76 
60 .17637 1.4947 133.58 .07 74.02 915,54 29.19 
65 .19107 1,6192 120.01 .01 7.79 889.33 28.59 
70 .20577 1.7438 118.36 0.0 0.0 886,25 28.58 
75 .2%047 1,8684 118.36 0.0 0.0 886.25 28.58 
80 .23517 1,9930 118,36 0.0 0.0 886.25 28.58 
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assumed to be typical in the direct isoquant analysis. Specifically, 
at a corn silage price of $25 per ton, the optimal level of gain from 
the fixed 320 kg starting weight produces a slaughter animal weighing 
593.8 kg, or about 100 kg more than the typical slaughter weight for this 
type of cattle [39]. This result is a further indication that the "rule-
of-thumb" for pricing corn silage per ton at 10 times the corn grain 
price per bushel [52] may substantially undervalue silage. 
Regardless of how corn silage is priced, however, the result remains 
that a profit maximizing producer would reduce his gain per animal, and 
thus the amount of beef produced, as feed costs increase against a fixed 
price per kilogram of gain. And, as silage costs increase relative to 
concentrates such as grains, this reduced level of gain is produced with 
rations containing an increased grain portion. It, therefore, follows 
that when grain prices increase relative to roughages, the reverse would 
occur. Namely, gain would still be reduced but the ration would con­
tain a reduced grain portion. If this type of adjustment is not made, 
either in the ration or in gain, then the producer receives less than 
the maximum profit per animal. Under sharp price increases and a frozen 
beef price as in the 1973 and 1974 period, this adjustment can mean the 
difference between positive and negative profits, or between survival 
and bankruptcy, as many producers discovered. 
Obviously, this analysis, even with fixed gain prices, provides a 
great deal of insight into the producer's production strategy, When beef 
prices are not legislatively fixed, however, its real world applicability 
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must be questioned. Hence, the next step is the relaxation of the fixed 
gain price and examination of the optimal production strategy when 
price varies with the level of gain. 
To implement this extension of the analysis, the relationship 
developed to describe the effect of gain on price, (4.13), is used to 
replace the fixed gain price of $1,125 per kilogram. With P no longer 
fixed, the terms involving |^^8^g|in the marginal equations expressed 
by (4.18) and (4.19) are no longer zero. In specific, when (4.13) is 
substituted for the fixed the resulting first-order conditions are 
cubic functions. 
To determine the profit maximizing levels of gain and combinations 
of concentrate and silage, these cubic functions must be solved under 
the previously specified concentrate and corn silage prices. When this 
is done, subject to the previously specified ridgelines and other assump­
tions used for the fixed gain price analysis, optimal rations and gain 
levels are obtained as shown in Table 19. In addition, the expected 
USDA quality grade and price per kilogram of gain are derived using (4.11) 
and (4.13) and included in the results. 
It is interesting to note that the optimal proportions of silage in 
these rations, R, are very similar to the optimal proportions found when 
Pg is fixed. Because the same prices for concentrate and corn silage 
are being analyzed for each case, this result is to be expected. 
Also to be expected is the increase in the absolute level of usage 
of each feed in the optimal ration. Because the first partial derivative 
of (4,13) with respect to G is greater than zero, the result obtained is 
Table 19. Summary of profit maximizing rations and gain under various corn silage prices when the 
price of gain varies vlth the level of gain 
Corn Silage Price 
Per Per kg 
Ton DM (Pg) 
Price 
Ratio 
(%) 
Gain 
(G) 
Ration 
(R) 
Silage 
(kg DM) 
Concen­
trate 
(kg DM) 
Price 
of 
Gain 
Profit Expectec 
USDA 
Quality 
Grades 
(QG) 
$20 .05887 .4989 301.91 1.0 2895,08 0.0 1.1972 191.01 8,92 
25 . 07:147 '.6226 288.69 1.0 2626.37 0.0 1.1901 150.61 8,71 
30 .08(117 . 7472 271.63 1.0 2345.72 0.0 1.1910 113.96 8.45 
35 .10%87 .8718 250.16 1.0 2051.09 0.0 1.1694 81.54 8,12 
40 .11757 . 9964 223.59 1.0 1736,83 0.0 1.1548 54.01 7.71 
45 ,13227 1.1209 196.92 .23 354.01 1182.49 1.1400 38.13 7.30 
50 . 141)97 1.2455 185.61 .20 287,03 1142.42 1.1335 33.41 7.13 
55 .16167 1.3701 172,93 .17 217.94 1100.32 1.1263 29.69 6.93 
60 ,17637 1.4947 158.35 .12 145.45 1053,61 1.1177 27,01 6.71 
65 .19107 1.6192 133.83 .02 20.51 1004,49 1.1028 25.14 6.33 
70 . 20,577 1.7438 129.42 0.0 0.0 995.50 1.1001 24.91 6.27 
75 .22047 1.8684 129.42 0.0 0.0 995.50 1.1001 24.91 6.27 
80 .23517 1.9930 129,42 0.0 0.0 995.50 1.1001 24.91 6.27 
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P < P + 
g g 
(4.22) 
for all positive levels of gain. It, therefore, follows directly from 
the decreasing marginal products found in the estimated production func­
tion that the marginal revenue product is made equal to the marginal 
value product by increasing the input level. 
Hence, when the two cases are evaluated at the same input price, 
the variable gain price expressed by (4.13) should result in greater 
optimal usage than the case of a fixed price of gain. In specific, by 
comparing the results shown in Table 19 to Table 18, it can be seen that 
the optimal rations contain a minimum of approximately 10 percent more 
concentrate and silage vhen is allowed to vary with G than when it 
is assumed to be fixed. 
Clearly, if the level of feed inputs increases, then so does the 
level of gain. This is clear from Table 19 which indicates increases in 
G under each set of feed prices. The profit maximizing level of gain 
under a variable price of gain ranges from a high of 301.91 kg at $20 
per ton for corn silage co a low o£ 129.42 kg at corn silaga prizes 
greater than $65 per ton. Thus, the drop in the optimal level of gain 
as corn, silage prices increase is roughly equivalent to the drop shown 
under a fixed price of gain in Table 18. 
The expected USDÂ quality grades, QG, provide no large amount of 
information for analysis due to the previously mentioned properties of 
the grading system. It is interesting to note, however, that an animal 
which grades low choice is optimal for corn silage prices between $45 
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and $60 per ton, with the previously assumed fixed gain price of $1,125 
occurring at approximately $55 per ton. 
Overall, the results of this analysis are quite similar to the 
results obtained when is assumed fixed. Optimal silage proportions 
are comparable and the ration still makes drastic changes as the price 
of silage exceeds $40 per ton. The optimal level of gain falls as the 
price of silage increases, and falls approximately the same amount as 
when P is fixed, 
S 
The big difference is that when varies with G to reflect changes 
in USDA quality grades, there is a substantial increase in both optimal 
levels of gain and feed usage. This results in changes in the producer's 
profit per animal as well. Under the low feed prices, he can achieve 
a greater profit when price differences are recognized for different 
grades, but as the price of silage exceeds $50 per ton, these grades 
cause profit per animal to be reduced. 
If these quality grades are justified as reflecting true quality 
differences in the beef produced, then these changes in the optimal 
solution are well-justified. If, however, the USDA quality grades are 
not true reflections of quality differences, they have perverse affects. 
They cause animals to be "over-finished," thus gaining more weight and 
using more feed than without price differences for quality grades. And, 
under higher feed prices, these grades cause drops in a producer's per 
animal profit. Without legislative controls, both of these aspects of 
beef production under the quality grade system would eventually result 
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in higher meat prices as consumers must pay the cost of producing 
artificial quality differences. 
Hence, there are two overriding aspects of the analysis. First, 
both concentrate and silage contribute to greater gain, but in different 
ways depending on their relative proportions in the ration. These 
associative, or non-additive, effects cause the sigmoid isoquant shape 
and the resulting sharp changes in the optimal ration as price ratios 
change. Second, as one would expect, gain declines as prices of feed 
increase, but from higher levels when gain is assumed to affect grade 
and thus, price. This means that when grades are accounted for, the 
producer feeds more, puts on more weight, and reduces his profits under 
high feed prices relative to what would be done if quality grades did 
not exist, or had no price effects. 
Maximizing the return per acre 
As with the direct isoquant analysis, many producers can be 
represented by variations of the maximum profit per animal objective. 
Kor example, in the analysis just presented, time is assumed to have a 
zero cost. But, by changing the value of time it is possible to use the 
same basic analysis to maximize profits per animal per day, or to mini­
mize costs per animal per day, or any of a large number of different 
objectives. 
The objective which was analyzed with the directly estimated 
isoquants, but which does not correspond well to maximizing profit per 
animal regardless of the value of time is the maximization of per acre 
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returns. It should be remembered from the direct isoquant analysis that 
the objective of maximizing per acre returns from feeding is appropriate 
for the producer who feeds homegrown crop production to beef animals 
and markets the resulting beef. In this manner, beef feeding serves as 
an auxiliary enterprise to crop production from farming and is used 
primarily as a means of marketing crops to increase total profit. Thus, 
this producer is not directly interested in his per animal profit, but 
instead is interested in maximizing his per acre profit from feeding the 
crops to steers. 
To specify the objective of maximizing per acre returns mathematically, 
it is recalled from Chapter III that the producer is assumed to be able 
to specify his per acre yield of either corn grain or corn silage. 
Furthermore, the direct isoquant analysis indicated that the optimal 
ration for this objective would be all silage. By combining these two 
aspects, it is possible to obtain an estimate of the maximum number of 
animals per acre as 
N = |  ( 4 . 2 3 )  
where; 
N = number of animals fed per acre; 
Y = expected yield per acre in kilograms dry matter of corn silage; 
and 
S = expected consumption per animal of corn silage dry matter. 
Once again ignoring time costs, the objective of maximizing per 
acre returns can be expressed as 
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Max Z = N 
I V  -  V 1  
(4.24) 
where: 
Z = returns per acre from feeding; 
= variable cost per kilogram dry matter for harvesting, storing, 
and feeding com silage; and 
all other variables are as previously defined. 
Using (4.23), this objective can be rewritten as 
But, at the time that per acre yield (Y) is determined, it becomes fixed 
so chat (4.25) is equivalent to an objective of maximizing revenue per 
acre from feeding. In other words, the producer under consideration 
\^o grows crops and then decides at harvest time whether or not to feed 
cattle, and how to harvest his crop if he is going to feed, has an ob­
jective which involves maximizing his per acre revenue against the fixed 
costs of crop production. 
It is obvious that the objective as defined is contingent on feeding 
all silage as determined by the direct isoquant analysis. It should be 
realized, however, that the same results could be obtained without the 
a priori specification of the ration by using a constrained optimization 
model [36]. 
Tc obtain optimal levels of gain and per animal silage consumption 
under each of the two weather and yield situations specified in Chapter 
Max Z = NP G - W Y 
g s 
(4.25) 
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III and for a fixed gain price of $1,125 per kilogram, the first partial 
derivative of Z with respect to S is set equal to zero which produces 
It is then only necessary to substitute (4.7b) for G and (4.23) for N 
to solve (4.26) for the optimal level of silage consumption when concen­
trate consumption is known to be zero. When this is done, the revenue 
maximizing condition becomes 
or that the marginal product of silage equals the average product of 
silage (G/S) at the optimal silage level. Silage levels per animal which 
satisfy this condition, as well as optimal per animal gains and per acre 
results, are then obtained under the alternative crop yields as shown 
in Table 20. 
Obviously, the maxlmicâclûû of revenue results in. f£sdir.g 
substantially less silage per animal and a corresponding lower level of 
gain than found previously. The producer would, in essence, operate a 
feeder operation rather than the typical feedlot, as the optimal gain 
levels are consistent with conditioning of feeders rather than slàughter 
beef production. 
There are two rather restrictive assumptions which would contribute 
to this result. The first is the neglect of time costs or any other 
- 0 (4.26) 
MP = AP 
s s 
(4.27) 
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costs directly associated with feeding. Until the producer reached a 
limit on his excess labor and facilities, this is justified. After 
that limit is reached, however, there is an opportunity cost to the use 
of these inputs which is not zero. As these costs are highly animal 
oriented, one might expect fewer animals to be fed with greater gain 
per animal ^ en these costs are included. 
Table 20. Summary of optimal solutions and per acre results to maximize 
per acre returns for fixed gain prices and under alternative 
crop yields 
Normal Drought 
Yield (kg DM of Corn Silage)* 5517. 2 3076. 9 
01675 01795 
Corn Silage/Animal (kg DM) 119. ,55 119. 55 
Gain/Animal 19. ,31 19. 31 
Number of Animals/Acre 46, ,15 25. ,74 
Revenue from Feeding 1002, ,56 559. ,17 
Feed Harvesting Costs* 92, ,41 55. ,23 
Fixed Cost/Acre* 149, ,25 149, ,25 
Profit/Acre 760. 90 354, ,69 
The reader is referred to Table 15 and associated discussion in 
Chapter III for derivation of these values. 
The second assumption, concerns the fixed price of gain. This 
value is assumed to be the value of gain in a slaughter animal, which 
animals of less than 340 kg generally are not. To partially reflect 
this, (4.13) is once again substituted for the fixed to allow the 
level of gain to influence the price of gain. Again setting the first 
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partial derivative of Z with respect to S equal to zero, the condition 
is obtained that 
11= iiV®8 (i) " (4.28) 
Or rewriting, this condition may be expressed as 
ÔG 
^  i s  
P + G g (I#) "V i, (4.29) 
which is clearly different from (4.27). 
When the appropriate substitutions of (4.13) for P^, (4.7b) for G, 
and (4.23) for N are made in (4.29) and the condition that concentrate 
usage is zero is retained, a fourth-order polynomial results. This 
fourth-order polynomial is then solved for optimal silage per animal as 
shown in Table 21 along with the associated levels of gain and per acre 
results under the alternative crop yields assumed. 
As with the analysis under a fixed price of gain, optimal levels 
of silage consumption per animal and gain per animal are quite low rela-
-tiTTi nôf flnimxil nn i PC T"* V© -
However, these results indicate a sharp increase in the optimal level of 
gain of over 85 percent from the same analysis under fixed gain prices. 
There is a corresponding reduction in animals per acre and an increase 
in per animal silage consumption to achieve this higher gain, so that 
revenue and profit per acre fall as P^ is allowed to reflect quality 
grade differences. In fact, these results indicate that the USDA grad­
ing system and its effect on P^, cause up to a 16 percent reduction in 
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profit per acre from feeding, as well as an increase in per animal feed 
consumption of about 88 percent. 
Table 21. Summary of optimal solutions and per acre results to 
maximize per acre returns for variable gain prices and under 
alternative crop yields 
Normal Drought 
Yield (kg DM of Corn Silage)* 5517. 2 3076. 9 
V . 01675 . 01795 
Corn Silage/Animal (kg EM) 224. 95 224. 95 
Gain/Animal 35. 80 35. 80 
Number of Animals/Acre 24. 53 13. 68 
Price of Gain (P ) g 
Expected USDA Quality Grade (QG) 
1. 0111 1. ,0111 
4. 83 4. ,83 
Revenue from Feeding 887, 93 495. ,18 
Feed Harvesting Costs* 92. 41 55. ,23 
Fixed Cost/Acre* 149. ,25 149. ,25 
Profit/Acre 646. ,27 290. ,70 
^The reader is referred to Table 15 and associated discussion in 
Chapter III for derivation of these values. 
If slaughtered, these animals would be expected to exhibit a USDA 
quality grade of average good from (4.11) -<Aiich may be very generous. 
This aspect of grading, and the expression relating to gain and grades, 
is at least partially responsible for continued low gains per animal. 
The other responsible factor Is, of course, the neglect of direct feed­
ing costs as noted earlier. And, as when is fixed, the inclusion of 
these costs should cause the number of animals to fall and gain per 
162 
animal to rise. It is, however, almost impossible to specify these 
costs in general as they are directly related to the scale of a particular 
farm. Hence, the analysis of the revenue-maximizing producer is best 
left in this general form until it can later be applied to a specific 
set of resources and scale parameters. 
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CHAPTER V. SUMMARY AND IMPLICATIONS 
OF THE STUDY 
In prscsding chapters a variety of relationships vera developed 
to analyze both the physical and economic properties of producing beef 
from rations containing different proportions of corn silage and a corn 
grain-based concentrate. These properties and the results of subsequent 
analyses are generally well-summarized within the relevant chapters and 
appendices. At this point, however, it is appropriate to pull these 
various results together and to explore their possible implications for 
the U.S. beef industry. 
Physical Properties 
First, with respect to the physical properties of the production 
process, the relationships between the two inputs, corn silage and con­
centrate, at fixed gain intervals was quantified by directly estimating 
a group of isoquants. These isoquants, which describe all combinations 
of the two inputs which would produce a specified gain, could be esti­
mated without the necessity of correcting for autocorrelation and thus, 
eased the statistical problems of estimating many different functional 
forms. It is in this area that the direct isoquant estimation has a 
distinct advantage over estimation of a full production function. 
A variety of functional forss were estimated using the direct 
isoquant approach, with a grafted quadratic selected as most appropriate. 
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This functional form resulted in isoquants which were not only nonlinear, 
but sigmoid in shape. This finding supports the hypothesis that there 
are associate effects between feeds in a ration or that feed values are 
not additive. Furthermore, the sigmoid shape, being first convex with 
respect to the origin and then becoming concave as silage use increases, 
indicates first a decreasing substitutability of silage for concentrate 
then an increasing substitutability. 
Assuming that this peculiar relationship between inputs could exist, 
a full production function was estimated in Chapter IV which would allow, 
but not force sigmoid isoquants. The function was specified as a 
grafted quadratic and estimated with very good statistical results. As 
with the directly estimated isoquants, it exhibits ranges of decreasing 
and then increasing substitutability of silage for concentrate, or sig­
moid isoquants. 
This finding not only supports an argument that roughage feeding 
of beef is feasible, but further shows that once a producer has entered 
the area of increasing substitutability he should proceed to an all-
roughage ration. This can be seen by tracing along the isoquant from 
an all-concentrate ration. As the producer reduces concentrate usage 
and increases silage so that the same gain per animal is achieved, he 
must use proportionately more silage for each unit of concentrate he 
gives up. In other ^ ?ords, silage substitutes for concentrate at a 
decreasing rate. He continues in this manner until the region of in­
creasing substitutability. Now, for each unit of concentrate removed 
from the ration less than proportional increases in silage are required. 
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Obviously, if he can remove one unit of concentrate and replace it with 
less than a unit of silage he would continue to do so until the ration 
contained all silage. This is a naive representation, but it does serve 
to show why a producer in the area of increasing substitutability could 
be expected to feed an all-roughage, or all-silage, ration. 
Of course, this property was found for estimations based only on 
one concentrate and one roughage. The industry cannot be expected to 
be restricted to only these two specific feeds, but if other roughages 
and concentrates can beassumed to behave in a similar manner, then the 
results become more far-reaching. If these other feeds do function 
similarly, then by transforming them into weight equivalent units of 
either the concentrate or corn silage, the substitutability of these 
other feeds can be approximated. For instance, if instead of corn silage 
it is desirable to analyze a roughage such as straw, then the straw is 
expressed in terms of its corn silage equivalence based on some consis­
tent measure such as metabolizable energy (ME). Obviously, this will 
not reflect palatability differences, appetite, or other factors, but 
until future experimentation can quantify relationships between a wide 
range of roughages and concentrates, this procedure provides a good 
initial estimate. 
Input relationships are not all that can be obtained from the 
estimated production function, however. It is also possible to analyze 
the relationships which exist between gain and both inputs, or between 
gain and each input independent of the other. In Chapter IV, some of 
these relationships were derived and it was shown that each input 
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contributes to increased gain. It was also seen that this contribution 
declines as the level of the input increases except for concentrate in 
the area of increasing substitutability. This property, together with 
the magnitude of the other effects, causes the area of increasing sub­
stitutability to decline relative to the area of decreasing substitu­
tability as the level of gain increases. For the producer, this simply 
means that the feasibility of an all-roughage ration is reduced as he 
attempts to produce higher and higher levels of gain-
In addition, it was shown that the estimated production function 
exhibits a maximum gain per animal in each substitutability area. The 
greater maximum, although only slightly so, occurs in the area of in­
creasing substitutability, indicating animals of slightly heavier weights 
can be produced on the all-roughage ration. Actually this is of little 
concern, as animals being fed for beef would seldom reach a maximum 
weight before slaughter. With the decreasing contribution of each feed 
to gain which was noted previously, the amount of feed required to reach 
the maximum gain would make it commercially prohibitive. 
The remaining properties of the physical production process are 
either summarized elsewhere, or can be derived from the presented results. 
Thus, they will not be restated here. Instead, it suffices to say that 
all properties considered appear to be consistent with not only experi­
mental results but also with biological expectations. In this respect, 
the estimated isoquants and production function may be assumed to ade­
quately reflect the physical properties of this feeding process. 
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Economic Properties 
Economic properties are not as easily analyzed or summarized. An 
economic analysis rests heavily on the physical properties, but is also 
dependent upon the fulfillment of certain assumptions. If these assump­
tions are changed, radically different results can be obtained for the 
same production process. Hence, in this study an attempt is made to 
analyze both the economic properties of this beef production process 
and the impact of varying certain assumptions. 
First, using the directly estimated isoquants, optimal rations to 
produce a fixed level of gain are analyzed under: 1) alternative com­
binations of fixed feed prices and 2) alternative production objectives. 
It is typical for prices to be varied in an economic analysis, as prices 
are the key to resource allocation. Or in this case, they are the key 
to ration determination. Usually, however, economic analyses are con­
ducted under only one objective. In the direct isoquant analysis six 
objectives are specified. Five objectives assume that the producer pur­
chases his feed inputs, while the sixth objective assumes he feeds home­
grown corn silage and corn grain. 
These different objectives can each be related to a class of 
producer as being a reasonable objective for the special situations fac­
ing that group. In other words, this analysis recognizes that all pro­
ducers are not alike. They differ in resources, management, and other 
areas which will affect their objectives and thus, their production 
strategies. 
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The optimal levels of corn silage, concentrate, and profit are 
discussed at length in Chapter III and Appendix A, so there is little 
point in repeating them here. In general, the optimal rations perform 
as expected. When corn silage prices increase, its use declines. When 
feed prices increase in general, profits fall. 
The important point is that when a variety of objectives are 
considered, it can be seen that two producers each facing the same 
prices and production function may have totally different optimal feed­
ing strategies because of their different objectives. For some objec­
tives, the optimal solution is highly sensitive to changes in relative 
feed prices. For other objectives, even drastic price changes will not 
cause the ration to vary over a few kilograms either way. 
At the industry level, this result makes it much easier to explain 
why producers, in aggregate, do not behave as expected under changes in 
the relative prices of feeds. For instance, if a single objective is 
specified for the entire industry which does not represent the objective 
of all producers, then those producers with different objectives are not 
accuraceiy reflected. If these latter pruJuucia coui;ribute substantially 
to feed utilization and beef production, then the single objective type 
of analysis may seriously misestimate industry beef production and the 
response to relative price changes for feed inputs. 
To truly analyze the entire beef industry, or even a segment of it, 
the agricultural economist must be willing to concede that all producers 
do not maximize profit. Objectives vary, especially by size of feedlot 
and region of the country. To determine how relative feed price changes 
I 
I 
I 
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will really affect aggregate or regional beef production, a method of 
aggregating these various objectives on a comparable basis must be de­
veloped, Of course, the misspecification of the objective function may 
not be the only problem, but it is a serious one. When this problem is 
corrected, it should provide a good start to analyzing the entire U.S. 
beef industry. 
For the analysis of the estimated production function, a different 
tactic is used. Because of the similarity between the directly estimated 
production function, it would be redundant to conduct the same type of 
analysis. Instead, gain is allowed to vary and optimal solutions are 
determined for 1) a fixed versus a variable price per kilogram of gain, 
2) alternative combinations of fixed feed prices, and 3) purchased 
versus homegrown feed. The latter two cases have already been discussed 
in the direct isoquant analysis. Thus, it is the variable level of 
gain, and the conditions concerning the price of gain, \Aich are new to 
the analysis. 
In the analysis of the directly estimated isoquants the level of 
gain must be assumed fixed because of the method of estimation. With 
the production function no such constraint exists. While there are cases 
for which it is reasonable to assume that gain is fixed, more generally 
producers are free to vary gain and thus, final weight in response to 
changes in gain price, feed prices, or both. 
In addition, it is typically assumed that the price of gain is fixed. 
Over certain ranges this is probably a valid assumption, but not neces­
sarily over all ranges of gain and thus, weight. Instead, the quality 
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grading system under ^ich beef is marketed in the United States tends 
to cause price differences by grade. Specifically, there is a demand 
and thus, a price, for each quality of beef. As long as weight is a 
factor in determining quality, it is necessary to recognize that as an 
animal gains weight he shifts from facing one demand curve to another, 
and thus the price of gain changes. 
When these various situations are analyzed in Chapter IV, several 
significant results are obtained. First, for a producer who buys his 
feeds it was found that at a ratio of corn silage price to concentrate 
price of about 1.037 on a dry matter basis the producer is indifferent 
between an all-silage ration and one with a mixture of the two feeds. 
At greater price ratios he favors a mixture of the feeds and at lower 
price ratios the optimal ration is all silage. Because this price ratio 
defines a critical point at which drastic ration changes can occur, it 
should be taken into consideration in feed pricing and industry analyses. 
The other results, as expected, show that as the price of feed 
increases the optimal amount of gain declines, although by less when the 
price of gain reflects quality grades than when it is fixed. If these 
quality grades reflect true quality differences in the beef, then this 
effect is totally reasonable. If, however, these quality grades present 
a distorted image of the true quality of the beef, then the grades may 
be detrimental to the U.S. beef industry. The increased gain, increased 
feed consumption, increased consumer prices, and reduced producer pro­
fits caused by these grades directly conflict with a policy of providing 
U.S. consumers with the highest quality diet at the lowest possible cost 
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while insuring adequate producer profits. It appears that in light of 
rising prices for agricultural inputs, such as energy, and a growing 
population, careful consideration must be given to revising or even drop­
ping the current grading systems. 
For the producer who feeds homegrown crop production, the market 
prices of feeds are no longer relevant. Instead, he is concerned with 
production costs and yields. As with the producer that buys feed, the 
grading system causes increased gain per animal, but still much less than 
typically marketed. It is this lower gain per animal which allows 
producer revenue to be maximized against fixed crop production costs. 
These results, as well as other aspects of the production function 
analysis, are well documented and summarized in Chapter IV, There is 
little point to a detailed repetition here, but it must be remembered 
that any results are contingent on the underlying assumptions, and should 
be so viewed. These results do, however, along with the results of the 
direct isoquant analysis seem to adequately reflect the behavior of many 
producers. 
Implications for Future Research 
Throughout this paper questions have been raised and areas touched 
that have not been thoroughly explained. Beef production is a complex 
process and all areas cannot possibly be covered in detail in one paper 
such as this. Instead, these other areas have been mentioned but only 
the feeding of various roughage/concentrate proportions in the ration 
has been explored in any detail. 
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It is appropriate for research to raise unanswered questions, for 
if it did not the learning process would end. For instance, some of 
the unanswered questions raised by this study can be expressed as follows 
1. What is the effect of breed or genetic ability on an animal's 
ration utilization? 
2. Is there a differential utilization of roughages or concentrates 
by breed or genetic ability? 
3. Can animals be bred with environmental or ration specialization? 
4. Can feed additives produce differential effects on ration 
utilization or change the interaction between feeds? 
5. Can feed processing, such as cubing or rolling, improve a feed's 
utilization or cause changes in the associative effects between 
feeds? 
6. Can environmental differences such as weather cause changes in 
the associative effects between feeds? 
7. Are significant interactions found only between roughages and 
concentrates, or are there interactions between specific rough­
ages? Between specific concentrates? 
8. Are interactions found between ail roughages and concentrates 
or only certain feeds? 
9. Why are there interactions present at all? 
10. Are the USDA grading standards reflections of true quality or 
only marketing distortions? 
11. Are marketing and transportation systems and feedlot technology 
adaptable to drastic shifts toward roughage feeding? 
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12. What is the future potential of U.S. beef production if rations 
must be shifted to roughage? 
13. What would the impact of such a shift be on the feedlot? On 
the cow-calf operation? On the seed stock producer? 
While these questions do not nearly encompass all areas of beef 
production, each represents a need for future research and study. And, 
for the good of producers, it is hoped that as research develops in these 
areas it develops as an interdisciplinary undertaking between agricul­
tural economists and animal scientists. It is only when some of these 
questions have been answered, and the results combined with studies 
such as this one, that a more detailed representation and study of U.S. 
beef production and the beef producer will be possible. 
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Table Al. Summary of optimal solutions by weight interval for various 
corn silage prices under a maximum rate of gain per animal 
objective 
Com Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval I (320 to 370 kg) 
$20 0.37 41 125.12 213.16 136.37 
25 0.37 41 125.12 213.16 138.19 
30 0.37 41 125.12 213.16 140.02 
35 0.37 41 125.12 213.16 141.84 
40 0.37 41 125.12 213.16 143.67 
45 0.37 41 125.12 213.16 
145.50 
50 0.37 41 125.12 
213.16 147.32 
55 0.37 41 125.12 
213.16 149.15 
60 0.37 41 125.12 
213.16 150.98 
65 0.37 41 
125.12 213.16 152.80 
70 0.37 41 125.12 
213.16 154.63 
75 0.37 41 
125.12 213.16 156.46 
80 0.37 41 
125.12 213.16 158.28 
Weight Interval II (370 to 400 kg) 
$20 0.27 24 57.49 155.62 132.38 
25 0.27 24 57.49 155.62 133.22 
30 G. 27 
o /. 37 /;9 7.53-62 134.06 
35 0.27 24 57.49 155.62 134.90 
40 0.27 24 57.49 155.62 135.74 
45 0.27 24 57.49 155.62 136.58 
50 0.27 24 57.49 155.62 137.42 
55 0.27 24 57.49 155.62 138.26 
60 0.27 24 57.49 155.62 139-09 
65 0.27 24 57.49 155.62 139.93 
70 0.27 24 57.49 155.62 140.77 
75 0.27 24 57.49 155.62 141.61 
80 0.27 24 57.49 155.62 142.45 
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Table Al. (continued) 
Corn Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval HI ( 400 to 425kg) 
$20 0.33 27 83.48 169.61 133.91 
25 0.33 27 83.48 169.61 135.13 
30 0.33 27 83.48 169.61 136.35 
35 0.33 27 83.48 169.61 137.57 
40 0.33 27 83.48 169.61 138.79 
45 0.33 27 83.48 169.61 140.01 
50 0.33 27 83.48 169.61 141.23 
55 0.33 27 83.48 169.61 142.45 
60 0.33 27 83,48 169.61 143.66 
65 0.33 27 83.48 169.61 144.88 
70 0.33 27 83.48 169.61 146.10 
75 0.33 • 27 83.48 169.61 147.32 
80 0.33 27 83.48 169.61 148.54 
Weight Interval IV i [ 425 to 455kg) 
$20 0.33 27 73.30 148.93 133.32 
25 0.33 27 73.30 148.93 134.39 
3'J 0.33 27 73.30 145.93 1J3.46 
35 0.33 27 73.30 148.93 136.53 
40 0.33 27 73.30 148.93 137.60 
45 0.33 27 73.30 148.93 138.67 
50 0.33 27 73.30 148.93 139.74 
55 0.33 27 73.30 148.93 140.81 
60 0.33 27 75.30 143.93 141.88 
65 0.33 27 73.30 148.93 142.95 
70 0.33 27 73.30 148.93 144.02 
75 0.33 27 73.30 148.93 145.09 
80 0.33 27 73.30 148.93 146.16 
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Table Al. (continued) 
Com Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval V (455 to 480 kg) 
$20 0.29 23 67.47 165.23 132.97 
25 0.29 23 67.47 165.23 133.96 
30 0.29 23 67.47 165.23 134.94 
35 0.29 23 67.47 165.23 135.93 
40 0.29 23 67.47 165.23 136.91 
45 0.29 23 67.47 165.23 137.90 
50 0.29 23 67.47 165.23 138.88 
55 0.29 23 67.47 165.23 139.87 
60 0.29 23 67.47 165.23 140.85 
65 0.29 23 67.47 165.23 141.84 
70 0.29 23 67.47 165.23 142.82 
75 0.29 23 67.47 165.23 143.81 
80 0.29 23 67.47 165.23 144.79 
Table A2. Summary of optimal solutions per animal for overall feeding period for various corn 
silage prices under a maximum rate of gain per animal objective 
Corn Silage Price Priciî Average Days on Silage Concentrate Cost Profit 
(per ton) (])er kg DM) Ratio Ration Feed (kg DM) (kg DM) 
(kg pjd) (R) 
$20 .05887 .4989 .323 142 406.86 852.55 152.95 27.05 
25 .07347 .6226 .323 142 406.86 852.55 158.89 21.11 
30 .08817 .7472 .323 142 406.86 852.55 164.87 15.13 
35 .10287 .8718 .323 142 406.86 852.55 170.85 9.15 
40 .11757 . 9964 .323 142 406.86 852.55 176.83 3.17 
45 .13227 1.1209 .323 142 406.86 852.55 182.82 -2.82 
50 .14697 1.2455 .323 142 406.86 852.55 188.80 —8.80 
55 .16167 1.3701 .323 142 406.86 852.55 194.78 -14.78 
60 .17637 1.4947 .323 142 406.86 852.55 200.76 -20.76 
65 .19107 1.6192 .323 142 406.86 852.55 206.74 -26.74 
70 .20577 1.7438 .323 142 406.86 852.55 212.72 -32.72 
75 .22047 1.8684 .323 142 406.86 852.55 218.70 -38.70 
80 .23517 1.9930 .323 142 406.86 852.55 224.68 -44.68 
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Table A3. Summary of optimal solutions by weight interval for various 
com silage prices under a least-cost ration per animal ob­
jective 
Com Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval I (320 to 370 kg) 
$20 1.0 35 293.51 0.0 24.28 
25 1.0 35 293.51 0.0 28.56 
30 1.0 35 293.51 0.0 32.88 
35 1.0 35 293.51 0.0 37.19 
40 1.0 35 293.51 0.0 41.51 
45 1.0 35 293.51 0.0 45.82 
50 0.6 46 20.12 316.22 49.47 
55 0.0 49 0.0 342.43 50.16 
60 0.0 49 0.0 342.43 50.16 
65 0.0 49 0.0 342.43 50.16 
70 0.0 49 0.0 342.43 50.16 
75 0.0 49 0.0 342.43 50.16 
80 0.0 49 0.0 342.43 50.16 
Weight Interval II (370 to 400 kg) 
$20 1.0 31 240.11 0.0 20.34 
25 1.0 31 240.11 0.0 23.84 
30 1.0 3i 2àO.11 0.0 27.37 
35 0.0 30 0.0 200.71 29.68 
40 0.0 30 0,0 200.71 29.68 
45 0.0 30 0.0 200.71 29,68 
50 0.0 30 0.0 200.71 29.68 
55 0.0 30 0.0 200.71 29.68 
OD 0.0 30 0.0 200.71 29.68 
65 0.0 30 0.0 200.71 29.68 
70 0.0 30 0.0 200.71 29.68 
75 0.0 30 0.0 200.71 29.68 
80 0.0 30 0.0 200.71 29.68 
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Table A3. (continued) 
Corn Silage 
Price Per Ton 
Ration 
(R) 
Days on 
Feed 
Silage Concentrate 
(kg DM) (kg DM) Cost 
Weight Interval III ( 400 to 425 kg) 
$20 1.0 25 206.12 0.0 17.13 
25 1.0 25 206.12 0.0 20.14 
30 1.0 25 206.12 0.0 23.17 
35 1.0 25 206.12 0.0 26.20 
40 1.0 25 206.12 0.0 29.23 
45 1.0 25 206.12 0.0 32.66 
50 1.0 25 206.12 0.0 35.29 
55 0.0 31 0.0 265.20 37.49 
60 0.0 31 0.0 265.20 37.49 
65 0.0 31 0.0 265.20 37.49 
70 0.0 31 0.0 265.20 37.49 
75 0.0 31 0.0 265.20 37.49 
80 0.0 31 0.0 265.20 37.49 
Weight Interval IV ( 425 to 455 kg) 
$20 1.0 24 192.87 0.0 16.15 
25 1.0 24 192.87 0.0 18.97 
3Ù j_. G n/ TOO «7 0 c 0 21.81 
35 1.0 24 192.87 0.0 24.64 
40 1.0 24 192.87 0.0 27.48 
45 1.0 24 192.87 0.0 30.31 
50 0.18 28 40.26 183.47 33.17 
55 0.13 29 29.48 197.48 33.87 
6Û r\ AO V • w 31 18.49 213.16 34.61 
65 0.03 33 7.09 230.92 35.20 
70 0.0 34 0.0 242.72 35.44 
75 0.0 34 0.0 242.72 35.44 
fin 0.0 34 0.0 242.72 35.44 
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Table A3, (continued) 
Com Silage Ration Days on Û.. .age Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval V (455 to 480 kg) 
$20 1.0 23 243.80 0.0 13.95 
25 1.0 23 243.80 0.0 22.15 
30 1.0 23 243.80 0.0 26.10 
35 1.0 23 243.80 0.0 29.68 
40 0.38 24 88.12 143.84 32.13 
45 0.24 24 56.10 177.66 33.18 
50 0.10 26 23.94 215.79 34.18 
55 0.0 31 0.0 246.86 35.33 
60 0.0 31 0.0 246.86 35.33 
65 0.0 31 0.0 246.86 35.33 
70 0.0 31 0.0 246.86 35.33 
75 0.0 31 0.0 246.86 35.33 
80 0.0 31 0.0 246.86 35.33 
Table A4. Simmary of optimal solutions for overall feeding period for various corn silage prices 
trader a least-cost ration per animal objective 
Corn Silage Price Price Average Days on Silage Concentrate Coat Profit 
(per ton)" (per kg DM) Ratio Ration Feed (kg DM) (kg DM) 
(kg DM) (R) 
$20 .05887 .4989 1.000 138 1176.40 0.0 96.85 83.15 
25 .07347 .6226 1.000 138 1176.40 0.0 114.02 65.98 
30 .08817 .7472 1.000 138 1176.40 0.0 131.33 48.67 
35 .10287 .8718 .823 137 936.29 200.71 147.40 32.60 
40 .11757 .9964 .694 138 780.61 344.55 160.03 19.97 
45 .13227 1.1209 .664 138 748.59 378.37 171.26 8.74 
50 .14697 1.2455 .241 155 290.44 916.19 181.80 -1.80 
55 .16167 1.370] .023 170 29.48 1252.68 186.15 -6.15 
60 .17637 1.4947 .014 172 18.49 1268.36 187.33 -7.33 
65 .19107 1.619: .005 174 7.09 1286.12 187.92 -7.92 
70 .20577 1.743& 0.0 175 0.0 1297.92 188.15 -8.15 
75 .22047 1.8684 0.0 175 0.0 1297.92 188.15 -8.15 
80 .23517 1.9930 0.0 175 0.0 1297.97 188.15 -8.15 
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Table AS. Summary of optimal solutions by weight interval for various 
com silage prices under a minimum cost per animal objective 
Com Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval I ( 320 to 370 kg) 
$20 1.0 35 293.51 0.0 24.28 
25 1.0 35 293.51 0.0 28.56 
30 1.0 35 293.51 0.0 32.88 
35 1.0 35 293.51 0.0 37.19 
40 1.0 35 293.51 0.0 41.51 
45 
o
 
H
 35 293.51 0.0 45.82 
50 0.14 43 46.39 285.22 49.07 
55 0.08 45 26.73 308.08 49.67 
60 0.05 46 16.80 320.40 
49.97 
65 0.01 48 3.34 337.93 
50.11 
70 0.01 48 3.34 
337.93 50.16 
75 0.0 49 0.0 342.43 50.21 
80 0.0 49 0.0 342.43 50.21 
Weight Interval ii (370 to 400 kg) 
$20 1.0 31 240.11 0.0 20.34 
25 1.0 31 240.11 0.0 23.84 
30 i A 240.il 0.0 27 * 37 
35 0.22 24 46.26 164.03 28.91 
40 0.10 26 20.42 184.11 29.33 
45 0.04 28 8.05 194.09 29.57 
50 0.02 29 3.97 197.43 29.68 
55 0.0 30 0.0 200.71 29.68 
60 0*0 30 0.0 200.71 29.68 
65 0.0 30 0.0 200.71 29.68 
70 0.0 30 0.0 200.71 29.68 
75 0.0 30 0.0 200.71 29.68 
80 0.0 30 0.0 200.71 29.68 
Table A5. (continued) 
Com Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval III ( 400 to 425 kg) 
$20 1.0 25 206.12 0.0 17.13 
25 1.0 25 206.12 0.0 20.14 
30 1.0 25 206.12 0.0 23.17 
35 1.0 25 206.12 0.0 26.20 
40 1.0 25 206.12 0.0 29.23 
45 1.0 25 206.12 0.0 32.26 
50 1.0 25 206.12 0.0 35.29 
55 0.10 28 25.79 232.46 37.20 
60 0.01 30 2.59 261.77 37.35 
65 0.01 30 2.59 261.77 37.38 
70 0.01 30 2.59 261-77 37.42 
75 0.01 30 2.59 261.77 37.46 
80 0.0 31 0.0 265.20 37.49 
Weight Interval IV ( 425 to 455 kg) 
$20 1.0 24 192.87 0.0 16.15 
25 1.0 24 192.87 0.0 18.97 
r\ 1.0 2à 192.87 0.0 21.81 
35 1.0 24 192.87 0.0 24.64 
40 1.0 24 192.87 0.0 27.48 
45 1.0 24 192.87 0.0 30,31 
50 0.22 27 48.86 173.25 33.02 
55 0.16 28 35.96 188.90 33.70 
60 0 i6 28 35 = 96 188.90 34.23 
65 0.12 29 27.20 200.47 34.67 
70 0.09 30 20.72 209.87 35.03 
75 0.06 31 14.00 219.98 35.24 
80 0.02 33 4.74 232.77 35.42 
Table A5. (continued) 
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Com Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval V (455 to 480 kg) 
$20 1.0 23 243.SO 0.0 18.95 
25 1.0 23 243.80 0.0 22.51 
30 1.0 23 243.80 0.0 26.10 
35 1.0 23 243.80 0.0 29.68 
40 0.38 24 88.12 143.84 32.13 
45 0.24 24 56.10 177.64 33.18 
50 0.18 24 42.43 193.37 
33.85 
55 0.18 24 42.43 
193.37 34.48 
60 0.10 26 23.94 
215.79 34.89 
65 0.05 28 12.10 
230.86 35.15 
70 0.01 30 
2.40 243.64 35.24 
75 0.01 
30 2.40 243.64 35.28 
80 0.01 
30 2.40 243.64 35.31 
Table A6. Summary of optimal uolutions for overall feeding period for various corn silage prices 
under a minimum cos: per animal objective 
Corn Silage Price Price Average Days on Silage Concentrate Cost Profit 
(per ton) (per kg DM) Ratio Ration Feed (kg DM) (kg DM) 
(kg DM) (R) 
$20 .05887 .498% 1.000 138 1176.41 0.0 96.85 83.15 
25 .07347 .6226 1.000 138 1176.41 0.0 114.02 65.98 
30 .08817 . 747% 1.000 138 1176.41 0.0 131.33 48.67 
35 .10287 .8718 .857 131 982.56 164.03 146.62 33.38 
40 .11757 .9964 .710 134 801.04 327.95 159.68 20.32 
45 .13227 1.120') .671 136 756.65 371.73 171.14 8.86 
50 .14697 1.245) .291 148 347.77 849.27 180.91 0.91 
55 .16167 1.370L .104 155 130.91 1123.52 184,73 -4.73 
60 .17637 1.494 7 .067 160 85.29 1187.57 187.17 -6.12 
65 .19107 1.6192 .036 165 45.33 1231.74 186.99 -6.99 
70 .20577 1.7438 .023 168 29.05 1253.92 187.53 -7.53 
75 .22047 1.8684 .015 170 18.99 1268.53 187.87 -7.87 
80 .23517 1.9930 .006 173 7.14 1286.75 188.11 -8.11 
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Table A7. Summary of optimal solutions by weight interval for various 
com silage prices under a maximum profit per animal per day 
objective 
Com Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval I ( 320 to 370 kg) 
$20 1.0 35 293.51 0.0 24.28 
25 1.0 35 293.51 0.0 28.56 
30 1.0 35 293.51 0.0 32.88 
35 1.0 35 293.51 0.0 37.19 
• 40 1.0 35 293.51 0.0 41.51 
45 1.0 35 293.51 0.0 45.82 
50 1.0 35 293.51 0.0 50.14 
55 0.14 43 46.39 285.22 49.76 
60 0.08 45 26.73 308.08 50.07 
65 0.05 46 16.80 320.40 50.22 
70 0.01 48 3.34 337.93 50.16 
75 0.01 48 3.34 337.93 
50.21 
80 0.01 48 3.34 337.93 
50.26 
Weight Interval II (370 to 400 kg) 
$20 1.0 31 240.11 0.0 20.34 
25 1.0 31 240.11 0.0 23.84 
30 V • 52.99 158.97 25.23 
35 0.22 24 46.26 164.03 28.91 
40 0.15 25 31.0 175.77 29.39 
45 0.10 26 20.42 184.11 29.63 
50 0.10 26 20.42 184.11 29.93 
55 0.04 28 8.05 194.09 29.80 
60 0.04 n o 8.05 194=09 29.92 
65 0.0 30 0.0 200.71 29.68 
70 0.0 30 0.0 200.71 29.68 
75 0.0 30 0.0 200.71 29.68 
80 0.0 30 0.0 200.71 29.68 
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Table A7. (continued) 
Corn Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval III( 400 to 425kg) 
$20 1.0 25 206.12 0.0 17.13 
25 1.0 25 206.12 0.0 20.14 
30 1.0 25 206.12 0.0 23.17 
35 1.0 25 206.12 0.0 26.20 
40 1.0 25 206.12 0.0 29.23 
45 1.0 25 206.12 0.0 32.26 
50 1.0 25 206.12 0.0 35.29 
55 0.0 31 0.0 265.20 37.49 
60 0.0 31 0.0 265.20 37.49 
65 0.0 31 0.0 265.20 37.49 
70 0.0 31 0.0 265.20 37.49 
75 0.0 31 0.0 265.20 37.49 
80 0.0 31 0.0 265.20 37.49 
Weight Interval IV ( 425 to 455kg) 
$20 1.0 24 192.87 0.0 16.15 
25 1.0 24 192.87 0.0 18.97 
30 1.0 24 Of «0/ C«G 21.8l 
35 1.0 24 192.87 0.0 24.64 
40 1.0 24 192.87 0.0 27.48 
45 1.0 24 192.87 0.0 30.31 
50 0.22 27 48.86 173.25 33.02 
55 0.16 28 35.96 188.90 33.70 
60 0.16 
OO 35.96 188.90 34,23 
65 0.09 30 20.72 209.87 34.72 
70 0.06 31 14.00 219.98 35.04 
75 0.04 32 9.42 227.17 35.28 
80 0.0 34 0.0 242.72 35.44 
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Table A7. (continued) 
Com Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval V (455 to 480 kg) 
$20 1.0 23 243.80 0.0 18.95 
25 1.0 23 243.80 0.0 22.51 
30 1.0 23 243.80 0.0 26.10 
35 1.0 23 243.80 0.0 29.68 
40 0.37 24 85.79 146.16 32.13 
45 0.24 24 56.10 177.64 33.18 
50 0.07 28 16.87 224.72 24.60 
55 0.0 31 0.0 246.86 35.33 
60 0.0 31 0.0 246.86 35.33 
65 0.0 31 0.0 246.86 35.33 
70 0.0 31 0.0 246.86 35.33 
75 0.0 31 0.0 246.86 35.33 
80 0.0 31 0.0 246.86 35.33 
Table A8. Summary of optimal noluttons for overall feeding period for various corn silage prices 
under a maximum pro):It per animal per day objective 
Corn SilaRe Price Price Average Days on Silage Concentrate Cost Profit 
(per ton) (per kg DM) Ratio Ration Feed (kg DM) (kg DM) 
(kg DM) (R) 
$20 .05887 .4989 1.000 138 1176.41 0.0 96.85 83.15 
25 .07347 .6226 1.000 138 1176.41 0.0 114.02 65.98 
30 .08817 .7472 .862 131 989.29 158.97 132.19 47.81 
35 .10287 .8718 .857 131 982.56 164.03 146.62 33.38 
40 .11757 .9964 .715 133 809.29 321.93 159.74 20.26 
45 .13227 1.1205 .680 134 769.02 361.75 171.20 8.80 
50 .14697 1.2455 .502 141 585.78 582.08 182.98 -2.98 
55 .16167 1.3701 .071 161 90.40 1180.27 186.08 -6.08 
60 .17637 1.4947 .056 163 70.74 1203.13 187.04 -7.04 
65 .19107 1.619?. .029 168 37.52 1243.04 187.44 -7.44 
70 .20577 1.743W .013 171 17.34 1270.68 187.77 -7.77 
75 .22047 1.8684 .010 172 12.76 1277.87 187.99 -7.99 
80 .23517 1.9930 .003 174 3.34 1292.42 188.20 -8.20 
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Table A9. Summary of optimal solutions by weight interval for various 
corn silage prices under a minimum cost per animal per day 
objective 
Com Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval I ( 320 to 370 kg) 
$20 .99 36 291.76 2.95 24.72 
25 .97 37 288.20 8.92 29.63 
30 .88 40 270.90 36.98 36.25 
35 .88 40 270.90 36.98 40.23 
40 0.0 49 0.0 342.43 50.21 
45 0.0 49 0.0 342.43 50.21 
50 0.0 49 0.0 342.43 
50.21 
55 0.0 49 0.0 342.43 50.21 
60 0.0 49 0.0 342.43 50.21 
65 0.0 49 0.0 342.43 50.21 
70 0.0 49 0.0 342.43 50.21 
75 0.0 49 0.0 342.43 50.21 
80 0.0 49 0.0 342.43 50.21 
Weight Interval II ( 370 to 400 kg) 
$20 1.0 31 240.11 0.0 20.34 
25 0.96 32 230.65 9.62 
24.48 
3C C *55 32 230.65 9.62 27.87 
35 0.96 32 230.65 9.62 31.26 
40 0.0 30 0.0 200.71 29.68 
45 0.0 30 0.0 200=71 29.68 
50 0.0 30 0.0 200.71 29.68 
55 0.0 30 0.0 200.71 29.68 
60 0 G 30 0.0 200.71 29.68 
65 0.0 30 0.0 200.71 29.68 
70 0.0 30 0.0 200.71 29.68 
75 0.0 30 0.0 200.71 29.68 
80 0.0 30 0.0 200.71 29.68 
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Table A9. (continued) 
Corn Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval III( 400 to 425 kg) 
$20 1.0 25 206.12 0.0 17.13 
25 1.0 25 206.12 0.0 20.14 
30 0.96 26 201.14 8.39 23.92 
35 0.90 27 193.21 21.49 27.81 
40 0,90 27 193.21 21.49 30.65 
45 0.0 31 0.0 265.20 37.49 
50 0.0 31 0.0 265.20 37.49 
55 0.0 31 0.0 265.20 37.49 
60 0.0 31 0.0 265.20 37.49 
65 0.0 31 0.0 265.20 37.49 
70 0.0 31 0.0 265.20 37.49 
75 0.0 31 0.0 265.20 37.49 
80 0.0 31 0.0 265.20 37.49 
Weight Interval IV (425 to 455kg) 
$20 0.99 25 191.87 1.94 16.52 
25 0.93 27 185.54 13.98 20.68 
30 r\ on 23 ISO.96 / / - 39 24.20 
35 0.89 28 180.96 22.39 26.86 
40 0.01 34 2.36 238.73 35.25 
45 0.01 34 2.36 238.73 35.28 
50 0.01 34 2.36 238.73 35.32 
55 0.01 34 2.36 238.73 35.35 
60 
r\ r\i KJ • vx 34 2.36 238=73 35.39 
65 0.01 34 2.36 238.73 35.42 
70 0.0 34 0.0 242.72 35.44 
75 0.0 34 0.0 242.72 35.44 
80 0.0 34 0.0 242.72 35.44 
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Table A9. (continued) 
Corn Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval V (455 to 480 kg) 
$20 0.92 26 225.75 19.65 20.81 
25 0.82 28 201.51 44.29 25.63 
30 0.82 28 201.51 44.29 28.59 
35 0.82 28 201.51 44.29 31.56 
40 0.0 31 0.0 246.86 35.33 
45 0.0 31 0.0 246.86 35.33 
50 0.0 31 0.0 246.86 35.33 
55 0.0 31 0.0 246.86 35.33 
60 0.0 31 0.0 246.86 35.33 
65 0.0 31 0.0 246.86 35.33 
70 0.0 31 0.0 246.86 35.33 
75 0.0 31 0.0 246.86 35.33 
80 0.0 31 0.0 246.86 35.33 
Table AlO. Summary ol' optimal solutions for overall feeding period for various corn silage prices 
under a minimum cost per animal per day objective 
Corn Silage Price Price Average Days on Silage Concentrate Cost Profit 
(per ton) (per kg DM) Ratio Ration Feed (kg DM) (kg DM) 
(kg DM) (R) 
$20 .05887 .498(1 .979 143 1155.61 24.54 99.52 80.48 
25 .07347 .6226 .935 149 1112.02 76.81 120.56 59.44 
30 .08817 .747% .899 154 1085.16 121.67 140.83 39.17 
35 .10287 .871» .889 155 1077.23 134.77 157.72 22.28 
40 .11757 .9964 .157 171 195.57 1050.22 181.12 -1.12 
45 .13227 1.120!) .002 175 2.36 1293.93 187.99 -7.99 
50 .14697 1. 24515 .002 175 2.36 1293.93 188.03 -8.03 
55 .16167 1.3701 .002 175 2.36 1293.93 188.06 -8.06 
60 .17637 1.4947 .002 175 2.36 1293.93 188.10 -8.10 
65 .19107 1.619% .002 175 2.36 1293.93 188.13 -8.13 
70 .20577 1.7438 0.0 175 0.0 1297.92 188.15 -8.15 
75 .22047 1.8684 0.0 175 0.0 1297.92 188.15 -8.15 
80 .23517 1.9930 0.0 175 0.0 1297.92 188.15 -8.15 
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APPENDIX B, DIRECT ESTIMATION AND ANALYSIS 
OF CARCASS WEIGHT GAIN ISOQUANTS 
One objective of the study es specified iti Chapter 11 is the 
determination of ration effects on carcass characteristics; one of the 
most important of which is carcass weight. While current marketing sys­
tems do not make direct allowances for carcass as opposed to live weight, 
the use of shrinkage and price discounts do attempt indirect adjustments. 
Additionally, the variability between graders in determining USDA quality 
grades [42] may very well make carcass weight the single most inportant 
carcass characteristic. 
To obtain estimates of the effects of rations with various roughage 
proportions on carcass weight gain, the procedure for directly estimat­
ing and analyzing isoquants developed in Chapter III is used to analyze 
carcass weight gain isoquants. To make this analysis it is first neces­
sary to estimate carcass weight gains from the live weight of the animals 
by assuming that the mtic cf carcass tc live weight of the animal at 
slaughter, conanonly called dressing percentage (DP), is a constant. In 
other words, from the start of the trial to slaughter the percent of an 
animal's live weight accounted for by his carcass weight is a constant. 
The five carcass gain isoquants comparable to the original 
isoquants are obtained by multiplying the live weight gain by the overall 
average dressing percentage, while feed consumption and time required 
to reach these isoquants are estimated using the pen average dressing 
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percentage as shown in Table Bl. In this manner, the effects on carcass 
gain are reflected in the by pen adjustments and dressing percentage. 
Table Bl. Pen average wei^ts and dressing percentages 
Pen Average Average Average 
Slaughter Carcass Dressing 
Weight Weight Percentage 
(kg) (kg) 
1 505.59 307.20 60.75 
2 490.91 298.24 60.75 
3 495.78 303.06 61.13 
4 480.25 288.66 60.10 
5 487,39 300.45 61.56 
6 491.19 297.51 60.54 
7 501.34 311.57 62.12 
8 500.72 308.11 61.52 
9 494.71 312.93 63.25 
10 502.65 310.21 61.63 
11 468.00 295.97 63,17 
12 491.14 295.46 59.96 
Overall 492.47 302.45 61,37 
Making 
estimations 
as: 
the necessary 
as in Chapter 
adjustments and instrumental variable 
III, the carcass gain isoquants are obtained 
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Isoquant I (Carcass Gain = 30.7 kg) 
C = 339.48646 - 1.61426(3) + .00451(s2) S s 118.81 (B.la) 
(25.99578) (.86002) (.00551) 
and 
C = 207.92706 + .60036(8) - .00481(s2) S 2: 118.81 (B.la') 
(116.18623) (1.33421) (.00350) 
= .9304 MSE = 1352.175 
Isoquant 2 (Carcass Gain =49.1 kg) 
C = 558.58840 - 1.44474(3) 4 .00161(32) S s 252.19 (B.lb) 
(29.27024) (.21068) (00142) 
and 
C = 351.25307 + .19954(3) - .00165(S^) g ^ 252.19 (B.lb') 
(151.88475) (.90090) (.00123) 
= .9665 MSE = 1736.8125 
Isoquant 3 (Carcass Gain = 64.4 kg) 
C = 795.16163 - 1.41240(3) + .00106(s2) 3 s 339.40 (B.lc) 
(36.75383) (.18236) (.00097) 
and 
C = 547.-49806 + .04720(3) - . 00109(s2) 3 ^  339.40 (B.lc') 
(180.52740) (.67562) (.00077) 
= .9741 %SS = 2727.875 
Isoquant 4 (Carcass Gain = 82.8 kg) 
C = 1059.21251 - 1.49327(3) + .00090(s2) S s 442.85 (B.ld) 
(51.26787) (.45894) (.00066) 
and 
C = 702.28117 + .11870(3) - .00092(32) 3 ^ 442.85 (B.ld') 
(206.81755) (.87025) (.00066) 
R^ = ,9716 MSE = 5305.3875 
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Isoquant 5 (Carcass Gain = 98,2 kg) 
C = 1283.51058 - 1.62451(5) + .00094(s2) S ^  563.56 
(63.11318) (.44600) (.00062) 
(B.le) 
and 
Û = 680.07035 + ,51702(3) - .C0096(s2) s k 563.56 
(342.74302) (.92131) (.00057) 
(B.le') 
= .9699 MSE = 8066.1625 
Examination of these estimated isoquants, either mathematically or 
graphically as shown in Figure Bl, indicates a clear resmblance to the 
previously estimated live weight isoquants. Significance levels of the 
2 
estimated coefficients and the accuracy as reflected in the R and MSE 
of the equations are also quite similar to those previously found, although 
somewhat lower. In fact, the biggest difference, or at least most sig­
nificant difference, is that the carcass weight gain isoquants are even 
more strongly sigmoid with a relatively larger portion ^ ich is convex 
with respect to the origin than the corresponding live weight gain iso­
quants. This result implies that com silage may be substituted for con­
centrate more readily and over a vider range in. producing carcass gain 
than in producing live weight gain. Hence, there is a greater range of 
intermediate optimal rations before the ration shifts to one of all 
silage. 
Days on feed for the carcass weight intervals are also estimated 
using the procedure outlined in Chapter III with the following results: 
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Figure Bl. The estimated grafted quadratic isoquants with actual 
observation points on a carcass weight basis 
Carcass Weight Interval I (196.48 to 227.18 kg) 
D = 48.74206 - 59.34854(R) + 127.18254(R^ ) - 79.28241(R^ ) (B.2a) 
(2.17549) (21.12846) (52.50040) (34.47.245) 
2 R = .6431 MSE = 9.85665 
uarcass weignc mcervai. xi. i_u 
D = 29.37699 - 51.76257(R) + 142.75794(R^ ) - 90.S5648(R^  (B.2b) 
(2.28631) (22.20474) (55.17474) (36.22846) 
R^  = ,5390 MSE = 10.88641 
Carcass Weight Interval III (245.58 to 260.88 kg) 
D = 30.94047 - 33.87897(R) + 73.06548(R^ ) - 45.13889(R^ ) (B.2c) 
(1.24577) (12.09898) (30.06376) (19.74026) 
R^  - .6097 MSE = 3.23214 
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Carcass Weight Interval IV (260.88 to 279.28 kg) 
D = 33.77381 - 50.04960(R) + 105.05952(R^ ) - 64.23611(R^ ) (B.2d) 
(1.62310) (15.76360) (39.16967) (25.71932) 
= .6865 MSB = 5.48661 
Carcass Weight Interval IV (279.28 to 294.68 kg) 
D = 28.54762 - 48.84921(R) + 125.74405(R^ ) - 81.59722(R^ ) (B.2e) 
(1,87895) (18.24846) (45.34410) (29.77353) 
R^  = .4940 MSE = 7.35268 
As with the isoquants, these time on feed estimations are very similar 
to those found for live weight intervals, although generally less accurate. 
Using the methods and linear programming model previously specified, 
the carcass performance can be analyzed in economic terms. The results 
of this analysis under each of the specified objectives can be seen in 
summary form in Tables B2 through Bl3. The similarity to the live 
weight estimations carries over into the results, and produces rations 
and costs quite similar to those previously found. 
Tt should be rêmêmbêred in examining these results that animslc are 
not generally marketed on carcass weight. Until such time as this be­
comes a prevelant system, the producer should view these results only as 
an interesting sidelight. Packers, on the other hand, do make decisions 
based on carcass weight and may be able to make more use of these results, 
eventually moving toward a carcass weight marketing system. 
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Table B2, Summary of optimal solutions by carcass weight interval for 
various corn silage prices under a maximum rate of gain per 
animal objective 
Com Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval I (196.48 to 227.18 kg) 
$20 .34 40 111.10 215.81 40.01 
25 .34 40 111.10 215.81 41.63 
30 .34 40 111.10 215.81 43.26 
35 .34 40 111.10 215.81 44.89 
40 .34 40 111.10 215.81 46.53 
45 .34 40 111.10 215.81 48.16 
50 .34 40 111.10 215.81 49.79 
55 .34 40 111.10 215.81 51.43 
60 .34 40 111.10 215.81 53.06 
65 .34 40 111.10 215.81 54.69 
70 .34 40 111.10 215.81 56.33 
75 .34 40 111.10 215.81 57.96 
80 .34 40 111.10 215.81 59.59 
Weight Interval 11 ( 227.18 to 245.58 kg) 
$20 .23 24 47.79 160.01 26.49 
25 .23 24 47.79 160.01 27.19 
30 . 23 / ^ nr\ ^ t • t y 2.5C 0^  
35 .23 24 47.79 160.01 28.60 
40 . 23 24 47.79 160.01 29.30 
45 .23 24 47.79 160.01 30. 00 
50 .23 24 47.79 160.01 30.70 
55 .23 24 47.79 160.01 31.41 
60 . 23 24 •4 / • / 7 160 01 32.11 
65 . 23 24 47.79 160.01 32.81 
70 .23 24 47.79 160.01 33.51 
75 .23 24 47.79 160.01 34.22 
80 .23 24 47.79 160.01 34.92 
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Table B2. (continued) 
Corn Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval III( 245.58 to 260.88 kg) 
$20 .34 26 77.95 151.43 27.66 
25 .34 26 77.95 151.43 28.80 
30 .34 26 77.95 151.43 29.94 
35 .34 26 77.95 151.43 31.09 
40 .34 26 77.95 151.43 32.23 
45 
.34 26 77.95 151.43 33.38 
50 .34 26 77.95 151.43 34.53 
55 .34 26 77.95 151.43 35.67 
60 .34 26 77.95 151.43 36.82 
65 .34 26 77.95 151.43 37.96 
70 .34 26 77.95 151.43 39.11 
75 .34 26 77.95 151.43 40.25 
80 .34 26 77.95 151.43 41.40 
Weight Interval IV ( 260.88 to 279.28 kg) 
$20 .35 26 82.43 153.19 28.13 
25 .35 26 82.43 153.19 29.33 
on 
- 55 26 62.Û3 153.19 30.54 
35 .35 26 82.43 153.19 31.76 
40 .35 26 82.43 153.19 32.97 
45 .35 25 82.43 153.19 34. IS 
50 
.35 26 82.43 153.19 35.39 
55 
.35 26 82.43 153.19 36.60 
60 
. 35 26 o2.43 153.19 on U/ * OJ. 
65 
.35 26 82.43 153.19 39.03 
70 
.35 26 82.43 153.19 40.24 
75 
.35 26 82.43 153.19 41.45 
80 
.35 26 82.43 153.19 42.66 
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Table B2. (continued) 
Com Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval V ( 279.28 to 294.68 kg") 
$20 .26 23 49.21 140.24 24.05 
25 .26 23 49.21 140.24 24.76 
30 .26 23 49.21 140.24 25.49 
35 .26 23 49.21 140.24 26.21 
40 .26 23 49.21 140.24 26.93 
45 
.26 23 49.21 140.24 27.66 
50 
.26 23 49.21 140.24 28.38 
55 .26 23 49.21 140.24 29.10 
60 .26 23 49.21 140.24 29.83 
65 .26 23 49.21 140.24 30.55 
70 .26 23 49.21 140.24 31.27 
75 .26 23 49.21 140.24 32.00 
80 .26 23 49.21 140.24 32.72 
Table B3. SiDimary of optimal solutions on a carcass weight basis for overall feeding period for 
various corn silage prices under a maximum rate of gain per animal objective 
Corn Silage Price Price Average Days on Silage Concentrate Cost 
Jp'êrTônf (pl^  kg DM) Ratio Ration Feed (kg DM) (kg DM) 
(kg DM) (R) 
20 .05887 .4989 .310 139 368.48 820.68 146.33 33.67 
25 .07347 .6226 .310 139 368.48 820.68 151.71 28.29 
30 .08817 .7472 ,310 139 368.48 820.68 157,13 22.87 
35 .10287 .8718 .310 139 368.48 820.68 162.55 17.45 
40 .11757 .9964 .310 139 368.48 820.68 167.96 12.04 
45 .13227 1.1209 .310 139 368.48 820.68 173,38 6.62 
50 .14697 1.2455 .310 139 368.48 820.68 178.80 1.20 
55 .16167 1.3701 .310 139 368.48 820.68 184.21 -4.21 
60 .17637 1.4947 .310 139 368.48 820.68 1)39.63 -9.63 
65 .19107 1.6192 .310 139 368.48 820.68 195.05 -15.05 
70 .20577 1.7438 .310 139 368.48 820.68 200.46 -20.46 
75 .22047 1.8684 .310 139 368.48 820.68 205.88 -25.88 
80 .23517 1.9930 .310 139 368.48 820.68 211.30 -31.30 
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Table B4. Summary of optimal solutions by carcass weight interval for 
various com silage prices under a least-cost ration per an-4 
imal objective 
Com Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval i ( 196.48 to 227.18 kg") 
$20 1.0 37 279.49 0.0 23.85 
25 1.0 37 279.49 0.0 27.93 
30 1.0 37 279.49 0.0 33.85 
35 1.0 37 279.49 0.0 36.15 
40 1.0 37 279.49 0.0 40.26 
45 1.0 37 279.49 0.0 44.37 
50 .13 43 41.78 279.91 47.77 
55 .08 45 26.07 300.47 48.67 
60 .04 47 13.22 318.94 49.37 
65 0.0 49 0.0 339.49 49.86 
70 0.0 49 0.0 339.49 49.86 
75 0.0 49 0.0 339.49 49.86 
80 0.0 49 0.0 339.49 49.86 
Weight Interval II ( 227.18 to 245.58 kg) 
$20 1.0 30 248.09 0.0 20.61 
25 1.0 30 248.09 0.0 24.23 
3Ù 1.0 30 243.05 27. S7 
35 .35" 25 72.99 135.65 28.52 
40 .27 24 56.00 151.59 29.27 
45 .18 24 37.55 171.16 29.96 
50 .09 26 19.07 193.14 30.79 
55 .01 29 2.13 215.35 31.56 
Ô0 Û. 0 29 G.O 2To.28 31.56 
65 0.0 29 0.0 218.28 31.55 
70 0.0 29 0.0 218.28 31.56 
75 0.0 29 0.0 218.28 31.56 
80 0.0 29 0.0 218.28 31.56 
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Table B4. (continued) 
Com Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval m( 245.58 to 260.88 kg) 
$20 1.0 25 205.85 0.0 17.12 
25 1.0 25 205.85 0.0 20.12 
30 1.0 25 205.85 0.0 23.15 
35 1.0 25 205.85 0.0 26.18 
40 1.0 25 205.85 0.0 29.20 
45 1.0 25 205.85 0.0 32.23 
50 .05 29 11.61 221.5 , 33.64 
55 0.0 31 0.0 236.42 34.10 
60 0.0 31 0.0 236.42 34.10 
65 0.0 31 0.0 236.42 34.10 
70 0.0 31 0.0 236.42 34.10 
75 0.0 31 0.0 236.42 34.10 
80 0.0 31 0.0 236.42 34.10 
Weight Interval IV (260.88 to 279. 28 kg) 
$20 1.0 25 207.01 0.0 17.19 
25 I.O 25 207.01 0.0 20.21 
3Û X . o 20"* 0.0 25 
35 L « X' 25 207.01 0.0 26.30 
40 1.0 25 207.01 0.0 29.34 
45 1.0 25 207.01 0.0 32.38 
50 .21 27 49.99 188.08 34.94 
55 .16 28 38.64 202.98 35.80 
n cr 36.^ 9 ou • j-X /y Z / . J.U c y • V 
65 .06 31 15.16 238.23 37.21 
70 .02 33 5.14 255.09 37.76 
75 0.0 34 0.0 264.17 37.97 
80 0.0 34 0.0 264.17 37.97 
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Table B4. (continued) 
Com Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval V (.279.28 to 294.68 kg) 
$20 1.0 24 213.46 0.0 17.37 
25 1.0 24 213.45 0.0 20.48 
30 1.0 24 213.46 0.0 23.62 
35 .35 23 66.06 122.77 25.88 
40 .32 23 60.25 128.14 26.80 
45 .28 23 52.83 136.00 27.64 
50 .25 23 47.46 142.39 28.38 
55 .21 23 40.33 151.76 29.03 
60 .18 23 34.99 159.47 29.59 
65 .15 24 29.59 167.83 30.26 
70 .11 25 22.24 180.18 30.84 
75 .08 25 16.53 190.52 31.13 
80 .05 26 10.59 201.98 31.52 
Table B5. Summary of optimal solutions on a carcass weight basis for overall feeding period 
for various corn silage prices under a least-cost ration per animal objective 
Corn Silage Price Price Average Days on Silage Concentrate Cost Profit 
(oer ton) (par kg DM) Ratio Ration Feed (kg DM) (kg DM) 
(kg DM) (R) 
20 .05887 .4989 1.0 141 1153.90 0.0 96.13 83.87 
25 .07347 .6226 1.0 141 1153.90 0.0 112.98 67.02 
30 .0881] .7472 1.0 141 1153.90 0.0 129.94 50.06 
35 .10287 .87if; .76 135 831.40 258.42 143.02 36.98 
40 .11757 .9964 .74 134 808.60 279.73 154.88 25.12 
45 .13227 1.1205' .72 134 782.73 307.16 166.58 13.42 
50 .14697 1.245!, .14 148 169.91 1025.02 175.52 4.48 
55 .16167 1.3701 .09 156 107.17 1106.98 179.15 0.85 
60 .17637 1.4947 159 75.31 1152.67 181.10 -1.10 
65 .19107 1.619% .04 164 44.75 1200.25 182.98 -2.98 
70 .20577 1. 74315 .02 167 27.38 1229.46 184.11 -4.11 
75 .22047 1.8684 .01 168 16.53 1248.88 184.61 -4.61 
80 .23517 1.9930 .01 169 10.59 1260.34 184.85 -4.85 
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Table B6. Summary of optimal solutions by carcass weight interval for 
various com silage prices under a minimum cost per animal 
obj active 
Com Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval I (196.48 to 227.18 Vp-> 
$20 1.0 37 279.49 0.0 23.85 
25 1.0 37 279.49 0.0 27.93 
30 1.0 37 279.49 0.0 32.04 
35 1.0 37 279.49 0.0 36.15 
40 1.0 37 279.49 0.0 40.26 
45 1.0 37 279.49 0.0 44.37 
50 .15 42 48.03 272.36 47.60 
55 .15 42 48.03 272.36 48.30 
60 .09 44 29.23 296.15 48.90 
65 
.09 44 29.23 296.15 49.33 
70 
.05 46 16.47 314.13 49.66 
75 0.0 49 0.0 339.49 49.86 
80 0.0 49 0.0 339.49 49.86 
Weight Interval II (227.18 to 245.58 kg) 
$20 1.0 30 248.09 0.0 20.61 
25 1.0 30 248.09 0.0 24.23 
30 . 5S 25 79.62 129.97 27.36 
35 .32 24 66.53 141.48 28.34 
40 .27 24 56.00 151.59 29.27 
45 .18 24 37.55 171.16 29.96 
50 .16 24 33.47 175.82 30.47 
55 .11 25 23.21 188.01 30.94 
60 .07 26 14.90 198.42 31.24 
65 .07 2o 14.90 198.42 31.46 
70 .02 28 4.29 212.40 31.55 
75 0.0 29 O.'J 218.28 31.56 
80 0.0 29 0.0 218.28 31.56 
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Table B6. (continued) 
Com Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval III( 245.58 to 260.88 kg) 
$20 1.0 25 205.85 0.0 17.12 
25 1.0 25 205.85 0.0 20.12 
30 1.0 25 205.85 0.0 23.15 
35 1.0 25 205.85 0.0 26.18 
40 1.0 25 205.85 0.0 29.20 
45 1.0 25 205.85 0.0 32.23 
50 .15 27 34.32 194.61 33.41 
55 .09 28 20.76 210.31 33.77 
60 .05 29 11.61 221.50 33.98 
65 .02 30 4.65 230.35 34.07 
70 0.0 31 0.0 236.42 34.10 
75 0.0 31 0.0 236.42 34.10 
80 0.0 31 0.0 236.42 34.10 
Weight Interval IV ( 260.88 to 279.28 kg) 
$20 1.0 25 207.01 0.0 17.19 
25 1.0 25 207.01 0.0 20.21 
OQ 1 n 25 207 .C 0.0 23-/5 
35 1.0 . 25 207.01 0.0 26.30 
40 1.0 25 207.01 0.0 29.34 
45 1.0 25 207.01 0.0 32.38 
50 .21 27 49.99 188.08 34.94 
55 .20 27 47.72 190.94 35.65 
GO • 15 28 36 • 35 1 c 6 w • J--/ 36.34 
65 .15 28 36.35 205.15 36.87 
70 .11 29 27.10 219.56 37.28 
75 .08 30 20.00 230.42 37.61 
80 .03 32 7 . 7 0  250.69 37.79 
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Table B6. (continued) 
Com Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval V ( 279.28 to 294.68 kg) 
$20 1.0 24 213.46 0.0 17.37 
25 1.0 24 213.46 0.0 20.48 
30 1.0 24 213.46 0.0 23.62 
35 .35 23 66.06 122.77 25.88 
40 .32 23 60.25 128.14 26.80 
45 .28 23 52.83 136.00 27.64 
50 .25 23 47.46 142.39 28.38 
55 .21 23 40.33 151.76 29.03 
60 .18 23 34.99 159.47 29.59 
65 
.17 23 33.20 162.18 30.08 
70 .17 23 33.20 162.18 30.57 
75 .12 24 24.10 176.95 30.99 
80 .12 24 24.10 176.95 31.35 
Table B7. Summary of optimal solutions on a carcass weight basis for overall feeding period for 
various com silage prices under a minimum cost per animal objective 
Corn Silage Price Price Average Days on Silage Concentrate Cost Profit 
(per ton) (per kg DM) Ratio Ration Feed (kg DM) (kg DM) 
(kg DM) (R) 
20 .05887 .4989 1.0 141 1153.90 0.0 96.13 83.87 
25 .07347 .6226 1.0 141 1153.90 0.0 112.98 67.02 
30 ,08817 .7472 .88 136 985.43 129.97 131.82 48.18 
35 .10287 .8718 .76 134 824.94 264.25 142.84 37.16 
40 .11757 .9964 .74 134 808.60 279.73 154.88 25.12 
45 ,,13227 1.1209 .72 134 782.73 307.16 166.58 13.42 
50 „14697 1.2455 .18 143 213.27 973.26 174.79 5.21 
55 ., 16167 1.3701 .15 145 180.05 1013.38 177.69 2.31 
60 ,17637 1.4947 .11 150 127.08 1081.69 . 180.05 -.05 
65 ,19107 1.6192 .10 151 118.33 1093.25 181.81 -1.81 
70 .20577 1.7438 .07 157 81.06 1144.69 183.15 -3.15 
75 ,22047 1.8684 .04 163 44.10 1201.62 184.11 -4.11 
80 ,23517 1.9930 .03 165 31.80 1221.83 184.65 -4.65 
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Table B8. Summary of optimal solutions by carcass weight interval for 
various com silage prices under a maximum profit per animal 
per day qbjective 
Com Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval I ( 196.48 to 227.18 kg) 
$20 1.0 37 279.49 0.0 23.85 
25 1.0 37 279.49 0.0 27.93 
30 1.0 37 279.49 0.0 32.04 
35 1.0 37 279.49 0.0 36.15 
40 1.0 37 279.49 0.0 40.26 
45 1.0 37 279.49 0.0 44.37 
50 1.0 37 279.49 0.0 48.48 
55 .15 42 48.03 272.36 48.30 
60 .15 42 43.03 272.36 49.01 
65 .12 43 38.66 283.82 49.48 
70 .09 44 29.23 296.15 49.76 
75 .07 45 22.89 204.90 50.02 
80 0.0 49 0.0 339.49 49.86 
Weight Interval II ( 227.18 to 245.58 ke) 
$20 1.0 30 248.09 0.0 20.61 
25 1.0 30 248.09 0.0 24.23 
3U .32 24 66.52 141.45 27.36 
35 .32 24 66.52 141.48 28.34 
40 .27 24 56.00 151.59 29.27 
45 .18 24 37.55 171.16 29.96 
50 .16 24 33.47 175.82 30.47 
55 .16 24 33.47 175.82 30.96 
60 .11 25 23.21 188.G1 31.28 
65 .07 26 14.90 198.42 31.46 
70 .07 26 14.90 198.42 31.68 
75 .02 28 4.29 212.40 31.61 
80 .02 28 4.29 212.40 31.67 
220 
Table B8. (continued) 
Corn Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval III ( 245.58 to 260.88 kg) 
$20 1.0 25 205.85 0-0 17.12 
25 1.0 25 205.85 0.0 20.12 
30 1.0 25 205.85 0.0 23.15 
35 1.0 25 205.85 0.0 26.18 
40 1.0 25 205.85 0.0 29.20 
45 1.0 25 205.85 0.0 32.23 
50 .06 29 13.91 218.64 33.64 
55 0.0 31 0.0 236.42 23.10 
60 0.0 31 0.0 236.42 34.10 
65 0.0 31 0.0 236.42 34.10 
70 0.0 31 0.0 236.42 34.10 
75 0.0 31 0.0 236.42 34.10 
80 0.0 31 0.0 236.42 34.10 
Weight Interval IV ( 260 .88 to 279.28 kg) 
$20 1.0 25 207.01 0.0 17.19 
25 1.0 25 207.01 0.0 20.21 
JU 1 _ n 25 907.01 0.0 23.25 
35 1.0 25 207.01 0.0 26.30 
40 1.0 25 207-01 0.0 29.34 
45 1.0 25 207.01 0*0 32.38 
50 .21 27 49.99 188.08 34.94 
55 .20 27 47.72 190.94 35.65 
60 .15 2S 36.35 206.15 36.34 
65 .11 29 27.10 219.56 36.89 
70 .08 30 20.00 230.48 37.31 
75 .01 33 2.56 259.61 37.80 
80 0.0 34 0.0 255.17 37.97 
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Table B8. (continued) 
Com Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval V (279.28 to 294.68 kg) 
$20 1.0 24 213.46 0.0 17.37 
25 1.0 24 213.46 0.0 20.48 
30 .35 23 66.06 122.77 24.91 
35 .35 23 66.06 122.77 25.88 
40 .32 23 60.25 128.14 26.80 
45 .29 23 54.66 133.96 27.64 
50 .25 23 47.46 142.39 28.38 
55 .22 23 42.11 149.33 29.03 
60 .18 23 34.99 159.47 29.59 
65 0.0 28 0.0 224.18 32.05 
70 0.0 28 0.0 224.18 32.05 
75 0.0 28 0.0 224.18 32.05 
80 0.0 28 0.0 224.18 32.05 
Table B9. Summary of optimal solutions on a carcass weight basis for overall feedinj» period for 
various corn silage prices under a maximum profit per animal per day objective 
Com Silage Price Price Average Days on Silage Concentrate Cost Profit 
(per ton) (par kg DM) Ratio Ration Feed (kg DM) (kg DM) 
(kg DM) (R) 
20 .05887 .4989 1.0 141 1153.90 0.0 96.13 83.87 
25 .07347 .6226 1.0 141 1153.90 0.0 112.98 67.02 
30 .08817 .7472 .757 134 824.93 264.25 130.72 49.28 
35 .10287 .8718 .757 134 824.93 264.25 142.84 37.16 
40 .11757 .9964 .743 134 808.60 279.73 154.88 25.12 
45 .13227 1.1209 .720 134 784.56 305.12 166.58 13.42 
50 .14697 1.2455 .369 140 424.32 724.93 175.90 4.10 
55 .16167 1.370] .143 147 171.33 1024.87 178.03 1.97 
60 .17637 1.4947 .118 149 142.58 1062.41 180.31 -.31 
65 .19107 1.6192 .065 157 80.66 1162.40 183.97 -3.97 
70 .20577 1.7436 .051 159 64.13 1185.65 184.90 -4.90 
75 .22047 1.8684 .023 165 29.74 1237.51 185.58 -5.58 
80 .23517 1.9930 .003 170 4.29 1276.66 185.65 -5.65 
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Table BIO. Summary of optimal solutions by carcass weight interval for 
various corn silage prices under a minimum cost per animal 
per day objective 
Com Silage 
Price Per Ton 
Ration 
(R) 
Days on 
Feed 
Silage 
(kg DM) 
Concentrate 
(kg DM) Cost 
Weight Interval I ( 196.48 to 227.18 kg) 
$20 .99 38 278.13 2.81 24.31 
25 .99 38 278.13 2.81 28.37 
30 
.96 39 273.94 11.43 33.30 
35 .90 41 264.89 29.46 38.93 
40 .02 48 6.64 328.97 49.20 
45 .02 48 6.64 328.97 49.30 
50 .02 48 6.64 328.97 49.39 
55 .02 48 6.64 328.97 49.49 
60 0.0 49 0.0 339.49 49.86 
65 0.0 49 0.0 339.49 49.86 
70 • 0.0 49 0.0 339.49 49.86 
75 0.0 49 0.0 339.49 49.86 
80 0.0 49 0.0 339.49 49.86 
Weight Interval II ( 227.18 to 245.58 kg) 
$20 1.0 30 248.09 0.0 20.61 
25 .93 32 232.89 17.55 25.58 
30 . 57 33 1 O C f _/ V CO 7n 29:73 
35 .87 33 218.56 32.70 32.94 
40 .01 29 2.13 215.35 31.46 
45 .01 29 2.13 215.35 31.49 
50 .01 29 2.13 215.35 31.52 
55 .01 29 2.13 215.35 31.56 
60 0.0 29 G. 0 mo o O 31.56 
65 0.0 29 0.0 218.28 31.56 
70 0.0 29 0.0 218.28 31.56 
75 
80 
0.0 
0.0 
29 
29 
0.0 
0.0 
218.28 
218.28 
31.56 
31.56 
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Table BIO. (continued) 
Corn Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval III ( 245.58 to 260.88 kg) 
$20 1.0 25 205.85 0.0 17.12 
25 .97 26 201.83 6.25 20.77 
30 .97 26 201.83 6.25 23.73 
35 .91 27 193.34 19.41 27.58 
40 .01 31 2.30 233.40 27.54 
45 .01 31 2.30 233.40 34.05 
50 .01 31 2.30 233.40 34.08 
55 0.0 31 0.0 236.42 34.10 
60 0.0 31 0.0 236.42 34.10 
65 0.0 31 0.0 236.42 34.10 
70 0.0 31 0.0 236.42 34.10 
75 0.0 31 0.0 236.-42 34.10 
80 0.0 31 0.0 236.42 34.10 
Weight Interval iv ( 260.88 to 279.28 kg) 
$20 1.0 25 207.01 0.0 17.19 
25 1.0 25 207.01 0.0 20.21 
30 1 r\-f jzn t • i7 2*^  2 . S5 
35 .86 28 189.72 30.92 28.77 
40 0.0 34 0.0 264.17 37.97 
45 0.0 34 0.0 264.17 37.97 
50 0 . 0  34 0 . 0  264.17 37.97 
55 0.0 34 0.0 264.17 37.97 
6Û G. 0 34 G. 0 O if /. 1 -? 6•X/ 37.97 
65 0.0 34 0.0 264.17 37.97 
70 0.0 34 0.0 264.17 37.97 
75 0.0 34 0.0 264.17 37.97 
80 0.0 34 0.0 264.17 37.97 
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Table BIO. (continued) 
Com Silage Ration Days on Silage Concentrate 
Price Per Ton (R) Feed (kg DM) (kg DM) Cost 
Weight Interval V (279.28 to 294.68 kg) 
$20 .98 25 211.32 4.32 17.95 
25 .95 26 207.93 10.95 21.77 
30 .91 27 203.05 20.10 25.67 
35 0.0 29 0.0 224.18 32.25 
40 0.0 29 0.0 224.18 32.25 
45 0.0 29 0.0 224.18 32.25 
50 0.0 29 0.0 224.18 32.25 
55 0.0 29 0.0 224.18 32.25 
60 0.0 29 0.0 224.18 32.25 
65 0.0 29 0.0 224.18 32.25 
70 0.0 29 0.0 224.18 32.25 
75 0.0 29 0.0 224.18 32.25 
80 0.0 29 0.0 224.18 32.25 
Table Bll. Summary of optimal solutions on a carcass weight basis for overall feeding period for 
various corn silage prices under a minimum cost per animal per day objective 
Corn Silage Price Price Average Days on Silage Concentrate Cost Profit 
(per ton) (per kg DM) Pt
 
g
 =
 Ration 
(R) 
Feed (kg DM) (kg DM) 
$20 .05887 .498(1 .99 143 1150.40 7.13 125.77 54.23 
25 .07347 .6226 .97 147 1127.79 37.56 124.20 55.80 
30 .08817 . 747:'. .93 152 1095.00 87.68 137.29 42.71 
35 .10287 .871W .72 158 866.51 336.67 160.46 19.54 
40 .11757 .9964 .01 171 11.07 1266.07 184.90 -4.90 
45 .13227 1.120!) .01 171 11.07 1266.07 185.06 -5.06 
50 .14697 1.245!) .01 171 11.07 1266.07 185.22 -5.22 
55 .16167 1.3701 .01 171 8.77 1269.09 185.37 -5.37 
60 .17637 1.4947 0.0 172 0.0 1282.54 185.74 -5.74 
65 .19107 1.6192 0.0 172 0.0 1282.54 185.74 -5.74 
70 .20577 1.7433 0.0 172 0.0 1282.54 185.74 -5.74 
75 .22047 1.8684 0.0 172 0.0 1282.54 185.74 -5.74 
80 .23517 1.9930 0.0 172 0.0 1282.54 185.74 -5.74 
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Table B12. Summary of optimal rations by carcass weight intervals and 
overall for various weather conditions under a maximum 
return per acre objective 
Normal 
Rainfall 
Drought 
Conditions 
Weight Interval I (196.48 to 227.18 kg) 
Ration (R) 
Bays on feed 
Silage (kg DM) 
Concentrate (kg DM) 
Weight Interval II (227.18 to 245.58 kg) 
Ration (R) 
Days of feed 
Silage (kg DM) 
Concentrate (kg DM) 
Weight Interval III (245.58 to 260.88 kg) 
Ration (R) 
Days on feed 
Silage (kg DM) 
Concentrate (kg DM) 
Weight Interval IV (260.88 to 279.28 kg) 
Ration (R) 
Days on feed 
Silage (kg DM) 
Concentrate (kg DM) 
Weight Interval V (279.28 to 294.68 kg) 
Ration (R) 
Dav5 on feed 
Silage (kg DM) 
Concentrate (kg DM) 
Overall (196.48 to 294.68 kg)* 
Ration (?) 
Days on feed 
Silage (kg DM) 
Concentrate (kg DM) 
Price ratio (D%)^  
1.0 
37 
279.49 
0 .0  
1.0 
30 
248.09 
0.0  
1.0 
25 
205.85 
0.0  
1.0 
25 
207.01 
0 .0  
1.0 
24 
213.46 
0.0 
i. u 
141 
1153.90 
0 . 0  
t oso/ 
1.0 
37 
279.49 
0 . 0  
1.0 
30 
248.09 
0.0  
1.0 
25 
205.85 
0.0 
1.0 
25 
207.01 
0 . 0  
1.0 
24 
213.46 
0 .0  
141 
1153.90 
0 . 0  
1 97^ n 
Individual weight interval consumption and costs may not sum to 
overall totals due to rounding differences. 
Computed as W^ /W^ .^ 
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Table B13. Per acre results and shadow prices of inputs to maximize 
per acre returns on a carcass basis 
Normal Drought 
Per Acre Profit 
Number of animals fed 4.8 
Com silage required (kg DM) 5517.2 
Number of animal days required 674.2 
Revenue from sales of animals 
Feeding cost of com silage 
Cost of time 
Fixed crop cost 
Profit 
Shadow Prices 
Yield—per kg DM of grain 
equivalent 
—per bushel of grain 
—per ton of silage 
Grain—per kg DM 
—per bushel 
Silage—per kg DM 
2.7 
3076.92 
864.00 
92.41 
134.84 
149.25 
487.50 
.26392 
5.75 
89.79 
.07130 
1.56 
486.00 
55.23 
75.20 
149.25 
206.32 
.29129 
6.35 
105.70 
.09947 
2.17 
(same as Yield) 
229 
APPENDIX C. A POOLED PRODUCTION FUNCTION ESTIMATE 
In any experiment there is always a question as to whether all 
factors which might affect the results have been accounted for in the 
experimental design. Frequently differences exist between experimental 
units which are unrecognized in the design. In other cases, these dif­
ferences may be recognized as potential sources of variation, but re­
source limits may preclude an experimental design which would remove the 
unwanted sources of variation. 
The experimental design described in Chapter II is an example of 
this latter case. For instance, it is realized that there are often 
major differences between pens, regardless of animals or treatments. 
Facilities at Castana and labor constraints, however, limited the random 
assignment of treatments to pens. If, indeed, there are differences be­
tween pens, such as pens on the west end being more effected by weather, 
then the assignment of pens as described would not remove this source of 
One method of removing at least part of this variation is to repeat 
the experiment with a second group of animals, but reverse the assign­
ment of treatments to the pens. Hence, a second group of animals were 
acquired in the fall of 1976 and after a 28-day period of acclimation 
to feeding, the animals were placed on test. The treatments and exper­
iment were conducted as described in Chapter II except treatments were 
assigned to pens in a reversed order. Therefore, in this second year 
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of the experiment, pen 1 received an all-concentrate ration fed ad-lib. 
While this relieves much of the concern over pens, it introduces a new 
source of variation in that both animals and weather differ from year 
to year. This must be reflected when data from the two years are pooled. 
For instance, animals in the first year had an average starting 
weight of 320 kg. Those in the second year, however, averaged approxi­
mately 50 kg heavier at the start of the test. To pool the two years, 
this difference in weight must be accounted for. If it is assumed that 
other than this difference in weight the animals, on the average, behave 
in the same manner, then weight differences can be reflected through the 
use of dummy variables. 
To illustrate this, consider a production function for this beef 
feeding process which is represented by a simple quadratic of the form 
G = + PgSZ + + iS^ SC (C.l) 
If this function describes the production process for an animal weighing 
320 kg, as in the first year, then for animals which are heavier by a 
weight of G^ , there is an implied unknown consumption of and C^ . The 
production function for this heavier animal can then be represented as 
g + - /3q + p,(s + s j + jsgcc + c^) + j3g(s + 
2 
+ iS^ (C + C^ ) + S + S^ )(C + C^ ) (C.2) 
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Or, because G^, S^, and are fixed, (C.2) may be rewritten as 
G + +Ti^+Ti£+ §^S + gC + pgSf + + fgSC (C.3) 
•where D^ , D^ , and are dummy variables involving the ^  a aid the 
constants G , S , and C . This has the effect of estimating the produc-
o o o 
tion function from the lighter animal's point of reference. Furthermore, 
as long as G and the unknown terms S and C are fixed, the same dummy 
o o o 
variable approach can be used with grafted quadratics such as estimated 
in Chapter IV. It should also be realized that because starting weight 
differences between animals are totally confounded with years, the vari­
ables Dq, Dj^ , and include the effects of differences between years 
as well. 
While at the time of this writing the results of the second year's 
experiment are Incomplete, there are sufficient data to estimate a pooled 
production function. The first step in pooling this data is the estima­
tion of a transformation matrix to correct for autocorrelation in the 
second year. 
Following the procedure ûlaCuââcJ in Chapters II IV, this is 
dene and the second year's data are corrected for autocorrelation. In 
this manner, the data fro= each year is separately corrected for auto­
correlation prior to pooling. This pooling of the transforaed data re­
sults in 132 observations with which to estimate a production function. 
Assuming that the join line, (4.6), estimated in Chapter IV is 
close to correct, the pooled production function for an animal of 320 kg 
starting weight is estimated as 
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G = -.210729 + .155181(8) + .159393(C) - .0000452(8^ ) 
(2.06477) (.007826) (.007510) (.0000159) 
- .0000283(0^ ) - .0000213(SC) 
(.0000061) (.0000173) 
(C.4a) 
S ^  -106.810531 + .727763(C) 
and 
G = .490963 + .160428(8) + .155574(C) - .0000206(8^ ) 
(2.05321) (.009532) (.007845) (.0000161) 
- . 0000153 (C^ ) - .0000571(80 
(.0000078) (.0000281) 
(C.4b) 
8 2: -106.810531 + .727763(C) 
= .9835 MSE = 20,58777 
While certain aspects of this function are different from the one 
previously estimated on only first year data, the similarities are even 
more striking. 8pecifically, the sign of the interaction in (C.4a) and 
the concentrate squared in (C.4b) are reversed from those found in 
Chapter IV. Even with the sign changes, however, the magnitude of the 
estimated regression coefficients is such that isoquants derived from 
this function are still sigmoid in shape, though not as strongly curved 
as those found in Figure 11. And, as before, the intercept terms are 
the only estimated regression coefficients which are highly nonsignifi­
cant. 
The predcminzncc cf the sigscid isoquant shape; *-s well as the high 
2 R and significant estimates of the regression coefficients is comfort­
ing. Especially when one considers that this function is estimated 
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over many more animals and across years. Hence, there appears to be 
little question that associative effects between roughage and concentrate 
in beef rations are significant. Furthermore, the fact that these associ 
ative effects produce first a decreasing and then Increasing marginal 
rates of substitution should be recognized in ration formulation and 
profit analysis. 
